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ABSTRACT: We present a new theoretical framework, polarized Fock states (PFSs), to
describe the coupled molecule−cavity hybrid system in quantum electrodynamics. Through the
quantum light−matter interactions under the dipole Gauge, the molecular permanent dipoles
polarize the photon field by displacing the photonic coordinate. Hence, it is convenient to use
these shifted Fock states (termed the PFSs) to describe light−matter interactions under the
strong coupling regimes. These PFSs are nonorthogonal to each other and are light−matter
entangled states. They allow an intuitive understanding of several phenomena that go beyond
the prediction of the quantum Rabi model, while also offering numerical convenience to
converge the results with much fewer states. With this powerful new theoretical framework, we
explain how molecular permanent dipoles lead to the generation of multiple photons from a
single electronic excitation (down-conversion), effectively achieving the dynamical Casimir
effect through the nuclear vibration instead of cavity mirror oscillations.

Coupling molecular systems to an optical cavity can
significantly alter their potential energy landscape1−4 and

enable new chemical reactivities beyond the existing paradigms
of chemistry. The existing theoretical framework for describing
such a molecule−cavity hybrid system is based upon adiabatic
electronic states for the molecular subsystem and the Fock
states for the quantized radiation mode inside the cavity.5−19

While the adiabatic-Fock state is commonly used for describing
matter−cavity interactions,20,21 it might not be the most
convenient representation for describing strong interactions
between the matter and the cavity.22−27 In this work, we
present a new representation based on the idea of the polarized
Fock states, which allows one to intuitively understand new
phenomena that go beyond the prediction of the quantum
Rabi model.
In particular, this new representation serves as a convenient

tool to analyze the role of molecular permanent dipoles in
polariton chemistry. We note that there are existing works to
understand the role of the permanent dipole in the light−
matter interactions between few-level matter systems and
radiation.28−34 However, the role of the permanent dipole as
well as the associated dipole self-energies in the emerging field
of polaritonic chemistry remains to be clarified, despite recent
works11,12,35,36 that have considered these terms in the light−
matter interaction.
We start by considering the Pauli−Fierz (PF) nonrelativistic

QED Hamiltonian16,23,37 to describe the light−matter
interaction. The PF Hamiltonian can be rigorously de-
rived12,23,38 (see the Supporting Information for details) by
applying the Power−Zienau−Woolley (PZW) Gauge trans-
formation39,40 and a unitary phase transformation38 on the
minimal-coupling Hamiltonian in the Coulomb gauge (i.e., the

“p·A” Hamiltonian) under the long-wavelength limit. For a
molecule coupled to a single photon mode inside an optical
cavity, the PF Hamiltonian is
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In the last line of eq 1, ĤM represents the molecular

Hamiltonian; the second term ω̂ = ̂ ̂ + ℏ†( )H a aph
1
2 c repre-

sents the Hamiltonian of the vacuum photon field inside the
cavity with the frequency ωc; the third term describes the
light−matter interaction in the electric-dipole “d·E” form,40

with χ χ= ̂ ≡ ̂ω
ε
ℏ e e

2
c

0
characterizing the light−matter

coupling vector oriented in the direction of polarization unit
vector ̂e, as the quantization volume for the photon field,
and ε0 as the permittivity inside the cavity. The last term is the
dipole self-energy (DSE), which describes how the polarization
of the matter acts back on the photon field.9 Further, †̂a and ̂a
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are the photon creation and annihilation operator;
ω̂ = ℏ ̂ + ̂†q a a/2 ( )c and ω̂ = ℏ ̂ − ̂†p i a a/2 ( )c are the

photonic coordinate and momentum operator, respectively;
and μ ̂ is the molecular dipole operator (for both electrons and
nuclei). Throughout this study, we assume that ̂e aligns with
the direction of μ.̂
The matter Hamiltonian is expressed as

̂ = ̂ + ̂H H R rT ( , )RM el (2)

where ̂ = ̂ = −ℏ ∇M MT P /2 /2R R
2 2 2 is the nuclear kinetic

energy operator and ̂ = ̂ + ̂H Vr R R r( , ) T ( , )rel coul is the

electronic Hamiltonian, with the electronic kinetic energy T̂r

and Coulomb potential ̂V R r( , )coul among electrons and nuclei.
The electronic adiabatic state |ψi(R)⟩ is defined as the
eigenstate of Ĥel as follows

ψ ψ̂ | ⟩ = | ⟩H ER R R( ) ( ) ( )i i iel (3)

In the adiabatic electronic subspace {|ψi(R)⟩}, the matter
Hamiltonian can be expressed as41,42

∑ ∑̂ = ̂ − ℏ | ⟩⟨ | + | ⟩⟨ |( )H i i j E i i
M

d R
1

2
P ( )

ij ij
i

iM

2

(4)

where we have used the shorthand notation |i⟩ ≡ |ψi(R)⟩ and
dij = ⟨ ψi(R)|∇Rψj(R)⟩ is the derivative coupling. Note that the
above equation is equivalent41,42 to the commonly used form
o f t h e v i b r o n i c H a m i l t o n i a n Ĥ M =

δ− ∑ [∇ + ·∇ + ]| ⟩⟨ + ∑ | ⟩⟨ |ℏ i j E i id D R2 ( )ij ij ij ij i iM R R2
22

, where

ψ ψ= ⟨ |∇ ⟩D R R( ) ( )ij i R j
2 is the second-derivative coupling. A

simple proof is provided in the Supporting Information.
The polar i tonic Hamiltonian is defined9 ,43 as
̂ ≡ ̂ − ̂H H Tpl PF R , with the following eigenequation

̂ |Φ ⟩ ≡ ̂ − ̂ |Φ ⟩ = |Φ ⟩H H TR R R R( ) ( ) ( ) ( ) ( )j R j j jpl PF (5)

The polariton surface R( )j and polariton state |Φj(R)⟩ are the

eigenvalue and eigenstate of Ĥpl.To solve it, one often makes
an explicit truncation of the electronic subspace {|ψi⟩} by
considering only two electronic states {|g(R)⟩, |e(R)⟩} (or a
few electronic states44), while trying to approach to the
complete basis limit for the photonic DOF. The reason behind
this truncation is that usually only a few low-lying electronic
states that are accessible will play a role in the polaritonic
dynamics. In fact, a few-level electronic truncation often
provides accurate results when using the “d·E” form.45−47 This
is advantageous because it is very difficult to obtain accurate
excited electronic states for the matter Hamiltonian. The
commonly used representation to solve the above eigenequa-
tion is the adiabatic-Fock basis, {|g(R)⟩ ⊗ |n⟩, |e(R)⟩ ⊗ |n⟩},
with eigenstates of the electronic Hamiltonian Ĥel, i.e., the
adiabatic electronic states {|g(R)⟩, |e(R)⟩} for the matter part,
and the Fock states of the radiation mode (vacuum photon

field) {|n⟩}, i.e., the eigenstate of ω̂ ̂ + ℏ†( )a a 1
2 c.

For an atom, ̂ = | ⟩⟨ | + | ⟩⟨ |H E g g E e eg eM , and the transition

dipole is μ μ= ⟨ | |̂ ⟩e geg . Note that the permanent dipoles are

μ μ= ⟨ | |̂ ⟩ =e e 0ee , μ μ= ⟨ | |̂ ⟩ =g g 0gg . Thus, the dipole oper-

ator is expressed as μμ μ σ σ̂ = | ⟩⟨ | + | ⟩⟨ | ≡ ̂ + ̂†e g g e( ) ( )eg eg by

defining the creation operator σ ̂ ≡ | ⟩⟨ |† e g and annihilation
operator σ ̂ ≡ | ⟩⟨ |g e of the electronic excitation. The atom−
cavity PF Hamiltonian becomes ĤPF = ĤM + Ĥph +

χ μ σ σ· ̂ + ̂ ̂ + ̂ +
χ μ

ω
† † ·

ℏa a( )( )eg

( )eg
2

c
. Dropping the DSE (the last

term) leads to the Rabi model48

χ μ σ σ̂ = ̂ + ̂ + · ̂ + ̂ ̂ + ̂† †H H H a a( )( )egRabi M ph (6)

Further dropping the counter-rotating terms σ ̂ ̂† †a and σ ̂ ̂a leads
to the we l l - known Jaynes−Cummings mode l 2 0

χ μ σ σ̂ = ̂ + ̂ + · ̂ ̂ + ̂ ̂† †H H H a a( )egJC M ph .

For a molecule under the truncated electronic subspace {|
g(R)⟩, |e(R)⟩}, the molecular Hamiltonian is ĤM =

̂ − ℏ∑ | ⟩⟨ |∈( )i i jd R RP ( ) ( )
M ij g e ij
1

2 , ,

2
+ | ⟩⟨ |E g gR R R( ) ( ) ( )g +

| ⟩⟨ |E e eR R R( ) ( ) ( )e . The dipole operator in this electronic
subspace has the following expression

μ μ

μ

μ ̂ = | ⟩⟨ | + | ⟩⟨ |

+ | ⟩⟨ | + | ⟩⟨ |

g g e e

e g g e

R R R R R R

R R R R R

( ) ( ) ( ) ( ) ( ) ( )

( )( ( ) ( ) ( ) ( ) )

gg ee

eg (7)

where the adiabatic permanent dipoles are not necessarily zero.
In the same truncated electronic subspace, we diagonalize eq 7
to obtain

∑μ μ μμ α α̂ = | ⟩⟨ | + | ⟩⟨ | = | ⟩⟨ |
α

αR R R( ) I I ( ) C C ( )I C
(8)

Here, α ∈{I, C} are eigenstates of μ ̂ in the truncated electronic
subspace, which are denoted as the covalent state |C⟩ and the
ionic states |I⟩ for a molecule in the truncated electronic
subspace {|g(R)⟩, |e(R)⟩}. Note that {|C⟩, |I⟩} are termed the
Mulliken−Hush diabatic states49−53 and are commonly used as
approximate diabatic states that are defined based on their
characters (covalent and ionic). In this work, we explicitly
assume that |I⟩ and |C⟩ are strict diabatic states, hence ⟨C|∇R|
I⟩ = 0 (they are R-independent). This assumption simplifies
our argument, but will not impact any conclusion we draw (see
the Supporting Information for details). Note that there is no
transition dipole in the diabatic representation (μIC = 0). For a
special case of the atomic cavity QED where μee = μgg = 0,
μ μ μ̂ = |+⟩⟨+| − | − ⟩⟨−|eg eg and |±⟩ = [| ⟩ ± | ⟩]g e / 2 (the

eigenstates of μ ̂) are referred to as the qubit states,24,25,54,55

and the atomic Hamiltonian is ̂ = [|+⟩⟨−|+|−⟩⟨+|]ΔHM 2
,

where Δ = Ee − Eg, with the eigenvalue μ± = ±μeg.
With the MH diabatic states, the molecular Hamiltonian

becomes

∑ α α̂ = ̂ + | ⟩⟨ | + | ⟩⟨ | + | ⟩⟨ |
α

αH V VR RT ( ) ( )( c I I c )RM IC

(9)

where Vα(R) represents the diabatic potentials, VIC(R)
represents the diabatic coupling. The PF Hamiltonian in eq
1 under the |α⟩ is expressed as

∑ ω
α α̂ = ̂ +

̂
+ ̂ + | ⟩⟨ |

α
αH H

p
q q R

2 2
( ( ) )PF M

2
c

2
0 2

(10)
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where χ μ= ·α ωℏ
q R R( ) ( )i

0 2

c
3 . We notice that the photon field

is described as displaced Harmonic oscillator that is centered
around − αq R( )0 . This displacement can be viewed as a
polarization of the photon field due to the presence of the
molecule-cavity coupling, such that the photon field corre-
sponds to a nonzero (hence polarized) vector potential, in
contrast to the vacuum photon field.
The central idea of this work stems from the polarized Fock

states (PFSs) defined as follows

ω

ω ω

[ ̂ + ̂ + ]| ⟩

≡ ̂ ̂ + ℏ | ⟩ = + ℏ | ⟩

α α
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where the PFS |nα(R)⟩ ≡|nα⟩ is the Fock state of a displaced
Ha rmon i c o s c i l l a t o r , w i t h t h e d i s p l a c emen t

χ μ− = − ·α ω αℏ
q R( )0 2

c
3 specific to the diabatic state |α⟩ such

that | ⟩ = | ⟩ = | ⟩α
− − ̂ ℏ ̂ ℏα αn n e ne i q p iq p( ) / /0 0

, and nα = 0, 1, 2, ···, ∞ is
t h e qu an t um numbe r f o r t h e PFS . Fu r t h e r ,
̂ = ̂′ + ̂α

ω
α ω

†

ℏ ℏ
b q i p( )/ 21c

c
a n d

̂ = ̂′ − ̂α
ω

α ωℏ ℏ
b q i p( )/ 21c

c
are the creation and annihila-

tion operators of the PFS |nα⟩, with the photon field
momentum operator ̂p and polarized photon field coordinate

operator ̂ ′ = ̂ +α αq q q R( )0 . Compared to the vacuum’s Fock
state |n⟩, these PFSs depend on the diabatic state (or more
generally, the eigenstate of μ ̂ in a truncated electronic
subspace) of the molecule, and the position of the nuclei
(through the R dependence in μα(R)). Because of the
electronic state-dependent nature of the polarization (from
the difference between μI and μC), the PFS associated with
different electronic diabatic states becomes nonorthogonal, i.e.,
⟨nI|mC⟩ ≠ δnm. Under the special case of the atomic cavity
QED, the PFS representation reduces to the qubit-shifted Fock
basis {|n+⟩, |m−⟩}, which has been used to solve the polariton
eigen-spectrum for the quantum Rabi model24−26,55 through-
out the entire range of light−matter coupling and derive the
generalized rotating-wave approximation.24,25,54 These non-
orthogonal Fock states and their overlap ⟨m−|n+⟩ have shown
to effectively capture the light−matter interactions in a
quantum Rabi model.24,25

Although the PFS appears to be related to the polarized
vacuum states,23 they are fundamentally different, with the
latter one having all Fock states orthogonal to each other.
Another key difference is that |nα(R)⟩ does not parametrically
depend on the positions of electrons ̂r (hence ⟨mI|∇r|nI⟩ = 0),
while it does depend on the diabatic state |α⟩, and
parametrically depends on the nuclear position R such that
⟨mI|∇R|nI⟩ ≠ 0. The polarized vacuum states, on the other
hand, do parametrically depend on both electronic position r
and the nuclear position R (see the Supporting Information for
more details). For a given molecular system, one may have to
consider more than two electronic states to obtain an accurate
description of the polaritonic dynamics.56,57 The PFS can be
easily generalized for an arbitrary number of electronic states
(see details in the Supporting Information). When approach-
ing to a complete electronic state limit, while the eigenfunction

of the dipole operator becomes the eigenfunction of
(electronic and nuclear) coordinator operators, PFS remains
to be fundamentally different than the polarized vacuum states
defined in ref 23 (see more detailed discussion in the
Supporting Information).
With the basis |α, nα⟩ ≡ |α⟩ ⊗|nα(R)⟩, we evaluate the

matrix elements of the PF Hamiltonian ̂ = ̂ + ̂H HTR pl. In the
Supporting Information, we offer an alternative way of
obtaining these elements by using the vacuum’s Fock state

and applying a polaron-type transformation,12 ̂ ̂ ̂†U HUpol pol, where

α α̂ = ∑ | ⟩⟨ | ̂α αℏ

Ä
Ç
ÅÅÅÅÅÅ

É
Ö
ÑÑÑÑÑÑU q pRexp ( )i

pol
0 is the above-mentioned pho-

tonic coordinate displacement operator. When approaching to
infinite Fock states limit when mC → ∞ and nI → ∞, the basis
becomes overcomplete, because |nI⟩ can be represented by {|
mC⟩}. For a practical calculation, on the other hand, one often
needs only a few of these PFSs, regardless of the coupling
strength.24−26,55

Under the |α, nα⟩ representation, Ĥpl is expressed as

∑

∑

ω α α̂ = + + ℏ | ⟩⟨ |

+ ⟨ | ⟩ | ⟩⟨ | + | ⟩⟨ |

α
α α α α

α

i
k
jjj i

k
jjj

y
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zzz

y
{
zzzH V n n n

m n V n m m n

R

R

( )
1
2

, ,

( )( I, , C C, , I )

n

n m

pl
,

c

,
C I IC I C C I

I C

(12)

Note that there is a finite coupling between the ionic state with
n photons and the covalent state with m photons through the
⟨mC|nI⟩VIC(R) term, which is the diabatic electronic coupling
VIC(R) scaled by the overlap ⟨mC|nI⟩ of the PFS. Thus, instead
of having an explicit light−matter interaction term
χ μ· ̂ ̂ + ̂†a a( ) (and the DSE) as shown in eq 1, these
interactions are now carried through ⟨mC|nI⟩VIC(R).
Further, T̂R in the |α, nα⟩ basis is given by

∑ α α̂ = ̂ − ℏ | ⟩⟨ |
α α α

α α α α( )i m n
M

dT
1

2
P , ,

n m m nR , ,

2

(13)

where = ⟨ |∇ | ⟩α αα α
m ndm n R originated from the R-dependence

of PFS, similar to the expression of the matter Hamiltonian in
its electronic adiabatic representation expressed in eq 4. Note
that there is no nonadiabatic couplings between states with
different diabatic characters, because ⟨C, nC|∇R|I, mI⟩ = ⟨
nC|∇R|mI⟩⟨C|I⟩ = 0 (because we assume that |I⟩ and |C⟩ are
strict diabatic basis), and they are orthogonal ⟨C|I⟩ = 0. The
polaritonic nonadiabatic coupling can be analytically evaluated
(see details in the Supporting Information) as follows

χ μ
ω

⟨ |∇ | ⟩ = −
ℏ

·∇ ⟨ | ̂ − |̂ ⟩α α α α α
†

m n m b b nR( )R R
c (14)

Thus, these terms couple off-resonant states that are separated

by ℏωc through the ̂ − ̂†
b b( ) term. Further, this nonadiabatic

coupling plays a similar role as the vector potential does in the
Coulomb gauge. Upon a unitary transformation (see details in

the Supporting Information) α α̂ = − ∑ ̂ ̂ | ⟩⟨ |θ
π

α α α
†Ä

Ç
ÅÅÅÅÅÅÅ

É
Ö
ÑÑÑÑÑÑÑU i b bexp

2
,

̂ ′ = ̂ ̂ ̂θ θ
†H U H Upl adapts the “p·A” form of the QED Hamil-

tonian, where only the nuclear momentum operator is shifted
with the amount of polar ized vector potent ia l
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χ ω= ̂ + ̂
α α α

†
b bA ( )/ c coupled to ∇Rμα(R). This form has

recently shown to be the Coulomb gauge QED Hamiltonian
under the electronic state truncation.47

We conjecture that the basis {|I, nI⟩, |C, mC⟩} is both more
computationally economic and conceptually intuitive than the
conventional adiabatic-Fock states |g, n⟩, |e, m⟩. We emphasize
that if we choose the same number of Fock states for each
electronic states, then either using vacuum’s Fock states or PFS
results in the same size of the Hilbert subspace for the
electronic-photonic subsystem. More specifically, the elec-
tronic-photonic basis is {| ⟩ | ⟩ | ⟩ | ⟩}g g e e, 0 , ..., , , , 0 , ..., ,
f o r t h e a d i a b a t i c - F o c k r e p r e s e n t a t i o n , a n d
{| ⟩ | ⟩ | ⟩ | ⟩}I, 0 , ..., I, , C, 0 , ..., C,I I C C for the MH-PFS
representation, both of which have exactly the same
dimensions, except that the PFS has a shifted center according
to the permanent dipole of the corresponding MH diabatic
state. This argument can be generalized to an arbitrary number
of electronic states. For numerical efficiency, we find that one
needs only a few of |α, nα⟩ basis to converge the results of
solving eq 1, whereas one needs 2−20 times more vacuum’s
Fock states in the range of parameters used here. This is
because the vacuum’s Fock states centers around q = 0,
whereas the PFS centered around − αq 0. One will need a lot of |
n⟩ to represent the hybrid system that involves light−matter
interaction with a potential centered around − αq 0 (see eq 11),
but much fewer PFSs.
In addition, the PFS is an entangled basis between photon

and matter, because it depends on both electronic state |α⟩ and
nuclear position R, and hence, it is well-suited for describing
strong couplings among them. Previous work of using
extended coherent states58 or tunable coherent states22 has
also shown an advantage over the vacuum’s Fock representa-
tion because they automatically include many-body correla-
tions among infinitely many photons in the cavity mode.22

However, these representations do not include matter-photon
entanglement. More detailed numerical studies are necessary in
the future to fully compare and assess their numerical
efficiencies.
Conceptually, PFS allows one to intuitively understand the

existence of certain light induced avoided crossing which is not
predicted by the Rabi model. To demonstrate these effects, we
use a well parametrized diabatic model of the LiF molecule53

to investigate the molecule-cavity QED enabled new
phenomena. All of the parameters for this model are directly
adapted from ref 53.
Figure 1a presents the diabatic potentials energy surface

Vα(R) of the |I⟩ state (red) and |C⟩ state (blue) in a LiF
molecule, respectively. The crossing of these two diabatic
curves occur at R = R0 ≈ 13.5 au, forming an avoided crossing
between the adiabatic states |g⟩ and |e⟩ (not shown here). The
diabatic coupling is VIC(R) (gold line).
Figure 1b presents the matrix elements of μ ̂ in both the

diabatic (solid lines) and the adiabatic (dashed lines)
representations. The ionic permanent dipole (solid red)
μI(R) increases linearly with R, while the covalent permanent
dipole (solid blue) μC(R) ≈ 0, as one expects. The adiabatic
states switch their characters around R0, and as a result, the
adiabatic permanent dipole switches in that region and μeg(R)
peaks at R0 as the two diabatic states couple strongly around
R0.

Figure 1c demonstrates the electronic state-dependent
photon field polarization by visualizing the cavity diabatic

surface α α⟨ | ̂ − ̂ − | ⟩̂H T( )R
p

PF 2

2

= + ̂ +α
ω

αV R q q R( ) ( ( ))
2

0 2c
2

.

These diabatic surfaces are defined similarly as the cavity BO
surface,9,59 with the difference that here we project the

̂ − ̂ − ̂( )H TR
p

PF 2

2

operator onto the MH diabatic surfaces as

opposed to the electronic adiabatic surfaces. These cavity
diabatic surfaces are depicted as a function of R and q, at χ =
0.0 au and 0.01 au with ℏωc = 7.5 eV. The surfaces are color-
coded corresponding to their diabatic electronic characters |I⟩
(blue) and |C⟩ (red). In the no coupling scenario at χ = 0.0,
the photon field corresponds to the vacuum photon field
regardless of the electronic state. Therefore, the surfaces along
the photon coordinate is a harmonic potential centered at 0.
Meanwhile, at χ = 0.01 au in Figure 1d the covalent diabatic
surface along q is not displaced because μC(R) is nearly zero,
and the ionic cavity diabatic surface is increasingly displaced
along q with an increasing R, because μI(R) increases linearly
along R. At a larger R, the extent of the photon field
polarization is significantly different for the |I⟩ and |C⟩ states.
Figure 2 demonstrates that the PFS can be used to

intuitively understand how a single molecular excitation can
be converted into multiple excitations in the cavity, i.e, a down-
conversion process through light−matter interactions. It can be
seen from eq 12 that the covalent state with zero photons |C,
0C⟩ couples to |I, nI⟩ through the coupling VIC(R)⟨0C|nI⟩.
Figure 2a presents the polaritonic potential energy surfaces
with χ = 0.007 au and ℏωc = 1.5 eV. The polariton potential
Ej(R) associated with the state |Φj(R)⟩ (see eq 5) is color-
coded according to the expectation value of the number of

photons α α⟨ ̂ ⟩ = ⟨Φ |∑ ̂ ̂ | ⟩⟨ |Φ ⟩α α α
†

N R b b R( ) ( )j j , where α̂
†

b and α̂b
are the creation and annihilation operator of the PFS (see eq

Figure 1. LiF model molecular system. (a) Diabatic potentials VI(R)
(red) and VC(R) (blue), with diabatic coupling VIC (gold line). (b)
Matrix elements of μ ̂ in the adiabatic representation (dashed curves)
μgg (pink), μee (cyan), and μeg (gold), as well as in the diabatic
representation (solid lines) μI (red) and μC (blue). Cavity diabatic

potentials + ̂ +α
ω

αV R q q R( ) ( ( ))
2

0 2c
2

for the |α⟩ = |I⟩ (blue) and |α⟩ =
|C⟩ (red) as a function of the nuclear coordinate R and the photonic
coordinate q at (c) χ = 0.0 and (d) χ = 0.007 au.
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11), where α ∈ {I, C}. We emphasize that for the PF QED

Hamiltonian under the dipole gauge, α α⟨ ̂ ⟩ = ⟨∑ ̂ ̂ | ⟩⟨ |⟩α α α
†

N b b is
the physically meaningful way to characterize the number of
photons.60 This is because ̂ = ̂ ̂†N a ac is the correct photon
number operator under the Coulomb gauge. When calculating
this quantity under the dipole gauge for the PF Hamiltonian,
the operator should also be gauge transformed46,60 (for the
case of the PF Hamiltonian, both the PZW and a phase

transformation), resulting in α α̂ = ∑ ̂ ̂ | ⟩⟨ |α α α
†

N b b . Under the

dipole gauge, using ⟨ ̂ ⟩ = ⟨ ̂ ⟩̂†N a ac gives an unphysical measure
of the photon number.46,60

In Figure 2a, several new light-induced avoided crossings
(LIAC) at R1, R2, and R3 are formed because of the light−
matter interactions, in addition to the original electronic
avoided crossing at R0.
Figure 2b presents the energy-splitting Δ R( )i associated

with three cavity-induced avoided crossings at R1, R2, and R3 as
a function of χ. Here, we compare these energy splittings
computed from both the Rabi (filled circles) and the Pauli−
Fierz Hamiltonian (solid lines). For the Rabi model in the
adiabatic-Fock representation ({|g, n⟩, |e, n⟩}), one ignores the
permanent dipole contribution (μee and μgg), as well as all of
the DSE terms. The Rabi model is widely used in recent
molecular polariton chemistry investigations.5,13,14,16,22 While
the Rabi model provides a reasonable description of Δ R( )1 at
weak coupling, it fails to correctly describe Δ R( )1 at a larger
coupling strength and failed to predict Δ R( )2 and Δ R( )3 .
This is because these deviations are caused by permanent
dipole moments μgg and μee. For example, to explain Δ R( )2 in
the adiabatic-Fock basis {|g, n⟩, |e, m⟩}, it is straightforward to
recognize that |g, 2⟩ couples with |g, 1⟩ through

μ μ⟨ | ̂ ̂ + ̂ | ⟩ = ⟨ | ̂ + ̂ | ⟩† †g a a g a a, 2 ( ) , 1 2 ( ) 1gg , and |g, 1⟩ couples

to the |e, 0⟩ through μ ⟨ | ̂ + ̂ | ⟩†a a1 ( ) 0ge . Hence, the Rabi model

that ignores the permanent dipole will not give a correct
prediction. Under the usual Fock state basis, it is not
conceptually intuitive to discuss the role of μgg and μee.
Under the PFS basis, on the other hand, it is intuitive to
understand these phenomena, and this coupling can be simply
estimated as VIC⟨nC|mI⟩, which means Δ = ⟨ | ⟩R V( ) 2 2 02 IC I c
at the resonance nuclear configuration R2 where VI(R2) + 2ℏωc
= VC(R2) (when ignoring other nonresonance couplings). In
the Supporting Information, we further demonstrate that these
simple analytic expressions of ⟨nC|mI⟩ provide almost an exact
answer for Δ R( )i presented in this panel. As an example,

Δ = ⟨ | ⟩ = −χ μ χ μ
ω ω
·Δ

ℏ
·Δ
ℏ

Ä
Ç
ÅÅÅÅÅÅÅ

É
Ö
ÑÑÑÑÑÑÑ( )R( ) 2 0 1 2 exp1 c I

1
2

( )
( )c

2

c
2 with Δμ = μI −

μC. This expression captures both the linear increase of Δ at a
weak χ (as predicted by the Rabi model) as well as the
exponential decay of it at a larger χ. Note that in the atomic
quantum optics literature,48 the coupling strength is charac-
terized based on the value of η = χ·μeg/ωc, and the ultrastrong
coupling regime and deep-strong coupling regime are often
defined as 0.1 < η < 1.0 and 1.0 < η, respectively. When η >
0.1, the JC model usually breaks down and the full Rabi model
has to be considered to obtain the correct polariton
eigenspectrum.48 With this definition, considering that μeg(R)
≈ 1.5 au for R ∈ [6, 11] au, the coupling χ = 0.007 au used in
Figure 2a corresponds to η = 0.19. On the other hand, the Rabi
model explicitly breaks down and failed to correctly predict
Δ R( )2 and Δ R( )3 , even when η < 0.1 (χ < 0.037). Hence,
the characterization of different coupling regimes needs to be
carefully revisited for molecular cavity QED in the future,
because the one used in atomic QED does not consider the
permanent dipole or the R dependence of the transition and
permanent dipoles in a molecule (as indicated in Figure 1b).
Figure 2c presents the time-dependent number of photons

α α⟨ ̂ ⟩ = ⟨Ψ |∑ ̂ ̂ | ⟩⟨ ||Ψ ⟩α α α
†

N t t b b t( ) ( ) ( ) to demonstrate the
down-conversion process, where |Ψ(t)⟩ is the total wave
function of the hybrid molecule−cavity system. The initial
condition is α|Ψ ⟩ ∼ − − ⊗ |Φ ⟩R R R(0) exp( ( ) ) ( )g

2
5 , where

|Φ5(R)⟩ ≈ |C, 0C⟩ in the Franck−Condon region. The initial
wavepacket is centered at Rg = 3.01 au and a width α = 19.12
au to mimic a vertical Franck−Condon excitation of the
molecule-cavity hybrid system from its ground state. In the
range of parameters used here, ⟨ ̂ ⟩N t( ) reaches as high as 2.4,
representing multiple photons created per molecular excita-
tion. The maximum value for ⟨ ̂ ⟩N t( ) also increases with a
higher χ.
Figure 2d presents the population of the polarized Fock

states Pn = ⟨ Ψ(t)[∑α|α, nα⟩⟨nα, α|]|Ψ(t)⟩ at χ = 0.007 au.
With this coupling strength, all of the LIAC at R1, R2, and R3
become considerably large. Hence, the wavepacket first
branches at R3, then at R2 and finally at R1, leading to
sequential rising of the 3-photon (blue), 2-photon (red), and
1-photon populations (green). This demonstrates the
possibility of converting molecular excitation to multiple
photons. It is also possible to selectively control the number
of photons by changing χ. More detailed discussion of the
population dynamics is provided in the Supporting Informa-
tion, together with the results in the polariton basis |Φj(R)⟩.
Note that the down-conversion presented here is enabled
because of the coupling between the |I, nI⟩ (for n ≥ 2) and |C,
0C⟩ states (and between |g, n⟩ and the |e, 0⟩ state in the Fock
state basis), which go beyond the prediction of the Rabi model.

Figure 2. Using state-dependent polarization to perform down-
conversion. (a) Polaritonic potentials color-coded according to the
number of photons with four relevant avoided crossings labeled as
R0−R3. The black solid vertical arrow indicates the initial photo-
excitation, and the dashed lines illustrate the dynamics of the hybrid
system. (b) The energy-splitting at three avoided crossings as a
function of χ computed from Pauli−Fierz and Rabi Hamiltonian. (c)
Time-dependent expectation value of the number of photons at
various χ. (d) Time-dependent photon populations at χ = 0.007 au.
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These new avoided crossings are reminiscent of the avoided
crossings in opto-mechanical systems when quantizing the
mirror motion to describe the dynamical Casimir effect.61,62

For example, in the opto-mechanical system, it was found that
avoided crossings are created by hybridizing the |1mir, 0⟩ state
(mirror motion is excited, and 0 photons in the cavity) and |
0mir, 2⟩ state (mirror motion is in the ground state, and 2
photons in the cavity). These two states are coupled, leading to
two-photon emission out of vacuum by converting a single
excitation of the mirror.61 This behavior is similar to the
avoided crossing created between |I, 2I⟩ and |C, 0C⟩ in the
current study of molecular cavity QED.
Further, we do not expect the cavity loss to impede this

down-conversion process. This is because, before the
spontaneous emission happened (which is induced by the
quantum transition from the |C, 0C⟩ state to the |I, nI⟩ state),
the nuclear wavepacket is traveling in the polaritonic state that
has a molecular excitation character, which is robust to the
cavity loss. The transition between the |C, 0C⟩ state to the |I,
nI⟩ state happens within 5−10 fs (as indicated in Figure 2d),
and once it occurs, the molecule emits n photons inside the
cavity. Whether these photons are confined inside the cavity or
leaked outside the cavity does not change the fact that multiple
photons were generated. On the other hand, the cavity loss
could impact the reabsorption process of the molecule at ∼100
fs in Figure 2d, indicated by the black solid line going up and
the red solid line coming down.
The polarized Fock states associated with different

electronic states are nonorthogonal to each other. This
nonorthogonality leads to the generation of multiple photons,
similar to the dynamical Casimir effect63−67 where the fast
displacement of the cavity mirrors breaks the orthogonality of
the Fock states because of the changing of boundary
conditions, converting virtual photons into real photons.
Experimentally, the dynamical Casimir effect has been
demonstrated by effectively altering the boundary conditions
through certain system parameters (such as the refractive
index68,69) instead of physically moving mirrors which was
suggested to require a very fast speed of mirror vibrations
(approaching the relativistic limit).67,69,70 Recently, it was
suggested that by coupling a three-level atom71 or a
photoisomerization molecule13 to the cavity, one can achieve
similar effects of DCE by generating more than one photon
from a single excitation. The scenario we present here,
however, relies on only a simple two-state diatomic molecule
couple to the cavity and operates on a similar mechanics of
breaking the orthogonality among Fock states, through
molecular vibrations instead of the mechanical motion of the
mirror.
Figure 3 demonstrates that the electronic nonadiabatic

coupling at R0 is modified through the light−matter
interactions, which can be intuitively understood through the
nonorthogonality of the PFS theoretical framework, leading to
the enhancement of the photodissociation dynamics. To
clearly show this, we choose a high photon frequency ℏωc =
7.5 eV, such that all of the other polariton states are above
|Φ1(R)⟩ throughout the dynamically relevant parts of R. Figure
3a presents the first three polaritonic potentials Ej(R) of the
hybrid system with the inset depicting the polariton potentials
E0(R) and E1(R) at different χ. The polaritonic potentials of
the |Φ0(R)⟩ and |Φ1(R)⟩ states are nearly identical to the
original molecular adiabatic potentials of |g⟩ and |e⟩ state. At χ
= 0, the energy-splitting between |Φ0(R)⟩ and |Φ1(R)⟩

corresponds to the bare molecular system, given by
2VIC(R0). By increasing χ we see a clear trend of decreasing
the energy-splitting, as indicated in the inset. The splitting
b e t w e e n t h e t w o s t a t e s i s g i v e n b y

χ μ ω⟨ | ⟩ = {− [ Δ ℏ ] }V R V R R( ) 0 0 ( ) exp 1/2 ( )/IC c I IC IC 0 c
2 (ignor-

ing all other off-resonant contributions), where ΔμIC(R0) =
μI(R0) − μC(R0). Thus, increasing χ effectively decreases
Δ R( )0 , causing the nonadiabatic coupling ⟨Φ0(R)|∇R|Φ1(R)⟩
to increase (see the Supporting Information).
Figure 3b presents the photodissociation dynamics of the

LiF molecule defined as ⟨Ψ(t)|Φ0(R)⟩⟨Φ0(R)|Θ(R − R0)|Ψ-
(t)⟩, where Θ is the Heaviside function. The initial quantum
state is α|Ψ = ⟩ ∼ − − ⊗ |Φ ⟩t R R R( 0) exp( ( ) ) ( )g

2
1 . The

dissociation occurs by making a nonadiabatic transition from
the initially occupied |Φ1(R)⟩ state to the dissociative |Φ0(R)⟩
state around the R0 region. An increase in χ leads to a decrease
in energy splitting and an increase in the nonadiabaticity,
which results in a larger nonadiabatic transition probability.
Therefore, enhanced dissociation dynamics occurs from
increasing the light−matter coupling χ. This is a fundamentally
different scenario compared to the situation in Figure 2, where
increasing the light−matter coupling strength leads to
suppression of the dissociation of the molecule by preventing
it approaching to the electronic avoided crossing at R0.
Despite several existing works on controlling chemical

reactivity through molecule−cavity coupling5,10,11,16,72,73 that
relied on introducing new nonadiabatic couplings through
resonance light−matter interactions, the control scheme
demonstrated here is fundamentally different. Here, we modify
the original electronic nonadiabatic coupling through off-
resonance light−matter interactions. Because of the choice of
an off-resonant photon mode, no cavity photons are emitted to
modify the chemical reactivity, in contrast to most of the
previous works.5,10,11,16,72,73 Thus, the cavity loss is expected to
play a minimal role in the polariton photochemistry dynamics
presented here.
In this work we have considered only a single-cavity

radiation mode coupled to the molecular system, in order to
clearly demonstrate the advantage of the PFS representation.
Other radiation modes with higher frequency (overtone)
inside the cavity may also play a crucial74 role in the polaritonic
dynamics, especially when considering a photon frequency that
is much lower than the electronic excitation energy. We expect
that the PFS representation will provide computational as well
as conceptual benefits when considering many radiation modes
in the optical cavity, as it provides a compact representation to
quantize radiation modes. Further, we employed the long-

Figure 3. Controlling photochemical reactions with photon field
polarization. (a) Polaritonic potentials with a high photon frequency
ℏωc = 7.5 eV, with the inset showing the lowest two polaritonic
potentials near R0 at various χ. (b) Dissociation probability at various
χ.
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wavelength approximation, based on the assumption that the
spatial dependence of the electromagnetic field is ignored (see
the Supporting Information). This is a valid approximation for
a simple Fabry−Perrot cavity for the range of photon
frequencies used in this work, because the length of a LiF
molecule is extremely small compared to the length of the
cavity. Whether the PFS representation would provide
conceptual simplicity beyond the long-wavelength approxima-
tion or if can it be extended to quantize other “photonic”
quasiparticles75 (such as plasmon polaritons or phonon
polaritons) remains an open-question. Future studies will be
devoted to answering them.
In conclusion, we demonstrate that the presence of the

permanent dipole moments and the associated dipole self-
energy terms leads to the polarization of the vacuum photon
field. These polarized Fock states associated with different
electronic states are nonorthogonal to each other. This
nonorthogonality leads to the generation of multiple photons,
which is similar to the dynamical Casimir effect13,63−66 where
the permanent dipole difference plays a similar role as the
physical displacement of the cavity mirrors. Through numeri-
cally exact quantum dynamics simulations, we demonstrate the
possibility to exploit this nonorthogonality to achieve multiple
photon generation and to enhance the photodissociation of a
molecule by coupling to a cavity. We propose that
experimentally, one should be able to observe such dynamical
Casimir effects by using a molecule that has large permanent
dipole difference among its electronic states. Through the
ultrastrong coupling between the molecule and the cavity, the
molecular vibrations allow the polariton wave packet to visit
nonorthogonal PFSs, leading to the conversion of multiple
photons.
More importantly, we demonstrate the conceptual and

computational convenience of the polarized Fock states (PFSs)
in molecular cavity QED, compared to the widely used vacuum
Fock states. We envision that the PFS representation will
provide a powerful theoretical framework to facilitate polariton
chemistry investigations.5,10,16,44,72,73,76,77
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