Vibrational Strong Coupling in Cavity QED forms a Macroscopic Quantum State
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Recent experiments demonstrated the possibilities of modifying ground-state chemical reaction
rates by placing an ensemble of molecules in an optical microcavity. A strong collective, resonant
coupling between the cavity mode and molecular vibrations forms vibration-polaritons. This regime
is commonly referred to as Vibrational Strong Coupling (VSC), and typically operates in the absence
of any light source (“in the dark”). VSC causes reaction rate constant modifications, exhibits phase-
transition type of behavior for equilibrium constant modifications, and the effect starts only when
the collective Rabi splitting surpasses a threshold. Existing theoretical work often focuses on the
single excitation pictures, centered around the idea of vibrational polaritons and dark states. We
found that due to the many-body nature of VSC, most of the VSC effects could be potentially
explained by forming a macroscopic condensation of Bogoliubov quasiparticles, commonly referred
to as Bogolon. We theoretically demonstrate that by surpassing a critical Rabi splitting, the VSC
system starts to macroscopically occupy one Bogolon condensate state, which we believe is the

common explanation for VSC-induced effects.

INTRODUCTION

Collective coupling between matter excitations with
photonic excitations inside an optical cavity forms polari-
tons [I], a quasi-particle that is a superposition of both
types of excitations. This field is often referred to as cav-
ity quantum electrodynamics (QED) [2H4], with the fo-
cus on investigating the fundamental properties of polari-
tons and how to control them. Historically, the field has
focused on exciton-polaritons [5H7] by coupling optical
transitions of materials to cavity photonic excitations, in-
cluding atoms [4], moleucles [5HI0], and solid-state mate-
rials [T1L[12]. Very recently (since 2015), Ebbesen [13], [14]
and Simpkins [15] have independently achieved the vibra-
tional strong coupling (VSC) condition in cavity QED,
by coupling the vibrational transition to an IR cavity
mode, forming vibrational polaritons. Since then, there
are a lot of intriging phenomena reported under VSC,
most of them are operating without any optical pump-
ing (under the dark [16]), and exhibit change of ground
state chemical reaction rate constants, suppression [I7-
21] or enhancement [22H24], typically by 4-5 times. Note
that these experiments are fundamentally different than
those that use external lasers to probe the vibrational
polaritons and single-excitation subspace [25] 26], which
can be theoretically explained [26H29]. The VSC under
the dark has also been shown to selectively slow down
one reaction out of two competing reactions [30], thus
tilting the selectivities of two competing reactions [31].
VSC has also been shown to change the equilibrium con-
stant for charge transfer complexation reaction [32], for
confirmational changes of chemical complex [33], and ex-
hibit a phase transition type of behavior for the equilib-
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rium constant upon changing the molecular concentra-
tion [32, B3]. Similar phase transition-type behavior is
also observed in the VSC-induced polymerization exper-
iments [34437]. It was also speculated that the vibra-
tional point group symmetry played a crucial role in the
system to exhibit the VSC effect [38]. VSC has also been
shown to significantly enhance the electrical conductance
through originally non-conducting polymers [39]. Since
there is no external pumping in these VSC experiments,
it was speculated that the “zero-point-vacuum field fluc-
tuation” must be responsible for the observed effects [17].

While the experimental mysteries keep piling up, there
is no well-accepted theoretical explanation [40, [41] for all
of the above-mentioned VSC effects, despite progress on
the VSC-induced rate constant modification theories for
a few-molecule coupled to the cavity [42H56], on VSC-
influenced electron transfer reactions [57), 58], and for a
very special model of collective coupling between cav-
ity mode, solvent, and reaction coordinate [59H61]. The
most challenging effect to explain is indeed the collec-
tive coupling effect: how does weak light-matter coupling
per vibration even modify chemical reactivities and prop-
erties? So far, neither classical Transition State The-
ory [42] [62H65] (or beyond classical rate theory [66]) nor
quantum dynamics simulations [52] (under the meanfield
limit [67]) could explain this effect, but there are inter-
esting hypotheses to demonstrate the collectiveness in
VSC [21), 27, 29, 44, 52, 57, 5961 68H79], typically for
N =~ 2 ~ 102 vibrations collectively coupled to the cavity.

Collective light-matter couplings are commonly de-
scribed by the Tavis-Cummings Hamiltonian [80] as fol-
lows

N N
H =Y hw,6i6, +hweala+ Y hg, [6la+ale,],
n=1 n=1

(1)

where N emitters are collectively coupled to a cavity
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mode described by {a',a} under the rotating wave ap-
proximation. For the emitter, one often approximate
them as a two-level system, {|g,),|e,)}, and have 6! =
len){gn|, and &, = |gn){en|. Further, w, is the emitter
frequency for emitter n and g, is the light-matter cou-
pling strength between this emitter and the cavity mode.
More commonly, one assumes that w, = wg, and g, = gc
without any disorders in emitter frequency and in light-
matter coupling strength [80]. In the single excitation
subspace, one has

a'10) = |g) @ [Lpn),  6110) = len) © [Opn),
where |0) is the TC vacuum state without any excita-
tions, and |Opy) is the zero photon state. With symmetry
wn, = wp and g, = ¢ (no disorders), and under the res-
onance condition w, = wy, there are two optically bright
polariton states

1 ry s 1L
) =5 [ef e, = m;%@za}m, 2)
where fg and fa are identities in the matter and pho-
tonic subspace, respectively. The eigenenergies associ-
ated with |+) are EL = hwy = vV Ng., and there is an
energy splitting, commonly referred to as the Rabi split-
ting g, expressed as

QR = 2\/Ngca (3)

and a N — 1 degenerated, optically dark (zero transition
dipole from the ground state) states {|D;)} with the orig-
inal energy of emitter Ep = fwy. The system achieves
strong coupling condition when

Qr > (K +17)/2, (4)

with v as the matter linewidth and s as the cavity
linewidth. This means that one will be able to observe
the splitting of the original one peak as two peaks in
linear spectra [81].

The key challenge for any theory to explain the VSC
effect (without any external laser pumping) is that the
light-matter coupling strength g. is very weak, and only
the collective light-matter coupling is large, typically re-
ported by the Rabi splitting Qr = 2v/N g, measured from
linear optical spectra. Typically [82], N ~ 10° — 10'2,
and Qr ~ 100 cm™!, hence g, =~ 5 x 107° — 5 x 1072
cm~!. As a reference, room temperature thermal energy
is kgT ~ 200 cm™! ~ 26 meV. How was such a col-
lective, delocalized light-matter coupling influence local
chemical bond breaking, while the local light-matter cou-
pling strength g. is so weak? Another theoretical chal-
lenge to understand the VSC effect is that if one uses
the single excitation picture mentioned above, then the
N —1 dense manifold of dark vibrational polariton states
should dominate and diminish all of the interesting VSC
kinetics effects from the polariton states. The energy gap
between |+) and dark states is only Qg /2 ~ 50 cm ™1, and

the effective free energy for the dark states is lowered due
to the entropic contribution from the dark state degen-
eracy, which is kg7 In(N — 1) ~ 2760 — 5520 cm ~—* (for
N = 10° — 10'?), making the dark states the most stable
configuration in terms of free energy [83]. So one should
expect that the dark state becomes the dominant mani-
fold of states, and the chemical properties, including the
reactivities and rate constant, should be identical to the
outside cavity case.

The above-mentioned single excitation subspace pic-
tures are largely borrowed from the excitonic/electronic
strong coupling (ESC) case, and the mechanistic discus-
sions are largely centered around the vibrational polari-
tons and dark states. However, we realize that ESC and
VSC systems have very different energy scales, compared
to kgT. The key difference is the emitter frequency. For
ESC, optical transition has a typical value of hwgy ~ 2eV,
and for VSC, Fuwg =~ 1000 cm~! ~ 130 meV. This means
that under room temperature, the Boltzmann probabil-
ity for the excitonic system to be in the excited state is
n/N = e Mo ~ ¢~ 2 10734 and for the range of N
effectively coupled to each radiation mode in the cavity
QED, no molecules are in the excited states unless there
is a laser excitation, and the single excitation/few excita-
ton picture (polariton and dark states) is indeed a good
mechanistic picture. On the other hand, for VSC, the
Boltzmann probability for the vibrational DOF to be in
the excited state is /N = e ™0 x~ 75 ~ 6.7x 1073, so
as large as 1/1000. For N = 10° molecules, that means
7 = 10 of them are already in the excited states, due
to the thermal distribution, and for N = 10'? molecules,
that means 7 = 10° molecules are in the vibrationally
excited states. As such, using the single/few excitation
subspace picture in VSC is not appropriate. Upon cou-
pling N = 10'2 molecular vibrations to the cavity, one in
principle needs to consider up to the billionth excitation
subspace!

The above revelation made us realize that the key
to unraveling the VSC mysteries lies in describing the
many-body physics of it, not in the superposition of
a one-excitation (one-body) picture described in Eq.
In many-body physics, the condensed matter physics
community has already provided well-established theo-
ries to understand intriguing phenomena, such as su-
perfluidity and superconductivity. Weakly interacting
bosonic particles can condense into one macroscopic
state (bosonic coherence state) [84], which eventually
explains the superfluidity [85]. Weak interactions be-
tween pairs of electrons with lattice phonon vibrations
cause Cooper pairs to condense into a macroscopic state
(Cooper pair coherence state), through the celebrated
Bardeen—Cooper—Schrieffer (BCS) mechanism [86], 87],
which eventually explained the superconductivity (un-
der the normal regime, the phonon-mediated kind). As
such, it is possible that weak light-matter couplings be-
tween the cavity mode and vibrations lead to effective
interactions between two vibrations (phonons), and these
many-body interactions lead to a new macroscopic state
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(just like the coherence states in BCS or BEC), such that
the VSC cavity QED system is dominated by that one
macroscopic state at room temperature. We thus conjec-
ture that in VSC, there are Bogoliubov quasiparticles,
commonly referred to as Bogolon (see Eq. which is
the Bogoliubov transformed phonon creation and anni-
hilation operators), condensed into one macroscopic state
(under certain critical conditions) that dominates the be-
havior of the VSC systems and causes the mysterious
effects observed experimentally [I7), B3]. As such, we be-
lieve that vibrational Polaritons do not give the correct
mechanistic picture to understand VSC-induced effects
when there is no external laser pumping; rather, the Bo-
golons and their macroscopic condensation into one state
do.

In this work, we theoretically demonstrate that the
weak interaction of vibrations and the cavity mode
Zg:l hgn [&};& + dT6n] term in Eq. causes effective
interactions among all vibrational DOFs which occurs in-
side the cavity, using the Schrieffer-Wolff transform [88].
The resulting effective Hamiltonian (Eq. , is mathe-
matically isomorphic to the BSC-type effective Hamilto-
nian [86,[89]. This revelation suggests that we can use the
standard BCS variational procedure to find the macro-
scopic ground state (for Bogolon condensate), which we
referred to as |0) in Eq. This macroscopic state is a
truly many-body state, as opposed to the superposition of
N-single-particle states in the single excitation subspace,
expressed in Eq.

We derived the energy gap equation, Eq. indicating
the energy is lowered per Bogolon. This energy lowering
is due to the coherent interaction among N degrees of
freedom. Using the gap equation, we further show that
the macroscopic state |0) is stable compared to the nor-
mal thermodynamic state (which contains many micro-
scopic states), in terms of free energy (when consider-
ing the dense manifold of vibrational excitations in the
system). This |0) is also stable compared to the vac-
uum states of vibrations outside the cavity, in terms of
both energy and free energy. Interestingly, in Ref. 33
it was speculated that “strong coupling of a significant
fraction of the molecules at the onset of VSC appears
to pull nearly all the molecules into one phase by dipo-
lar interactions due to the zero-point field oscillations of
the optical mode”. Despite that there is early theoret-
ical work that hypothesizes a phase transition behavior
in VSC [72, [74, 90] or macroscopic condensation onto
lower polariton upon laser driving for VCS and achieves
BEC [91], none of them suggest that the key mechanism
of VSC is due to the Bogolon condensation. Our theo-
retical analysis suggests that this “phase transition” cor-
responds to the normal phase to a macroscopic coherent
state transition. Our work thus provides a concrete the-
oretical foundation to support that speculation [33.

We further derived simplified, analytic gap equations
with approximations, giving rise to the condition in
Eq. under which the Bogolon condensation state is
more stable in terms of free energy. Using detailed pa-

rameters from the Ebbesen NMR experiments, our the-
ory provides a reasonable estimation of the critical Rabi
splitting to achieve the condensate phase that agrees
with the experimental values. Our theory predicts that
the critical value of the Rabi splitting scales as Qg
Vhwy + kT o \/1/M, where M is the effective mass
for the vibrational DOF, meaning that with lower vibra-
tional frequency wg and lower T it requires a smaller Rabi
splittig to achieve the condensation (that has a square
root scalings of T" and wy. This prediction can be tested
using the same Ebbesen NMR experimental setup, with
isotope effects (replacing C-H vibrations to C-D vibra-
tions) or substitutions (replacing C-H vibrations to C-F
vibrations, which also have NMR signatures). We furhter
use the gap equation to derive the reaction rate constant
suppression factor k/ko, and found that it scales quadrat-
ically with the experimental Rabi splitting, and it gives
a quantitative agreement with the experimental data re-
ported in Ref. [I7, [I8]. We believe that condensing to |0)
could be the common origin for all rate constant modifi-
cations, equilibrium constant modifications, and beyond.

RESULTS AND DISCUSSIONS

Effective Hamiltonian. We start with the TC
Hamiltonian in Eq. We assume that the molecular
vibration will have a normalized lineshape function as

Ay (w —wo) = %Z&(w—wn), (5)

such that [dwA,(w —wy) = 1. We define the mean

frequency as
wo = an/N, (6)

This function usually peaks at the mean frequency wy
(peak frequency), with a Gaussian shape or Lorentzian
shape (or the Vigot convolution between them). With
the Gaussian lineshape,

A —an) = e[ Lol

2mo2 202

We define the light-matter detuning with each individual
frequency as

Op = Wp, — We. (8)

Further, the light-matter coupling strength exhibits dis-
orders [59, [60] 64, [81] due to the orientational disorders
of the transition dipole vector with respect to the cavity
field polarization direction

Gn = gc COS O, 9)

where ¢,, is the angle between the transition dipole vec-
tor of the ny, molecule relative to the field polariza-
tion direction, and it was believed to be isotropic in
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3D, such that (cos ¢, - cos ¢m) = 1/30nm. With disor-
ders [81], the composition and energy of these states will
change [69], 2] and will impact the optical spectra of po-
laritons [81],[92] and Rabi splitting [93] [94]. For example,
with isotropic dipole angular disorder, the experimentally
observed Rabi splitting is [81, 94] QP = 2v/Ng./V/3.
Frequency disorder, on the other hand could potentially
enlarge Rabi splitting [93,194]. One thus has to be careful
when using Q5® to extract Qg = 2v/Ng..

Further, of and o, satisfy the Pauli-matrix commuta-
tion relations

(10a)

[0, 6m] =0, [0}, 0n]4 = (10b)
These commutation relations (for hardcore bosons) are
identical to those of Cooper pairs’ in the BCS theory
when only considering the single Bogolon excitation sub-
space.

To adiabatically integrate out the photonic DOF, af
and a, we apply Schrieffer-Wolff transform [88] on the TC
Hamilotnian (Eq. , and effectively performing 2" order
perturbative expansion in A, = g,/d,. Indeed, for VSC,
ge =5 x 1075 —=5x 1072 cm™! (for N = 10% — 1012 and
Qr = 100 cm™!), and )\, < 1 as long as §, > 1 cm™~!
We choose the generator S = 25:1 An(61a—6,a"), and
the Hamiltonian in Eq. [I] can be transformed as

SHeS =7 + O(N\?),
with A, chosen to satisfy the SW transform criteria (see

details in the Supplemental Materials). The resulting
effective Hamiltonian is expressed as

N
H=> hin6}o
n=1

and the re-normalized vibrational frequency is

n + Z Gnma';rla'm; (11)
n#m

QOn = wn + G2 /0. (12)

The effective interactions between two vibrational exci-

tations are
h 1 1
Gnm = §gngm <5n + 6m> . (13)

Note that G, is the effective interaction between &jl
and 67 due to their coupling to . The physical picture
of such effective all-to-all interaction is also crystal clear:
due to the light-matter coupling temr, &|0) — af|0)
through the g,a'é, term, and af|0) — &1 |0) through
the g,,&! a term, thus effectively create a coupling term
between n and m, with coupling strength expressed as
the 2nd order perturbation expression. The analysis is
valid when the perturbative parameter A\, = g, /0, < 1,
and will breakdown when 4,, = 0. The effective mag-
nitude |Gpm| will become larger when the detuning 6,

and J,, are reduced. This might be the key to explain-
ing the VSC resonance condition, which often requires
very sensitive matching of the cavity frequency with vi-
brational frequency w. ~ wg. In the experiments, due to
the mirror fluctuations [95, ©6], the best one could say
is 0, ~ 107" ~ 1 cm™!, even for the “perfect” detun-
ing that we ~ wy ~ 10°> em™!. As such, ), is a valid
perturbaive parameter per site n. The effective Hamilto-
nian can be viewed as a special case of the effective BCS
Hamiltonian [97H99] under the rotating-wave approxima-
tion. In addition, it is interesting to note that the effec-
tive Hamiltonian could also be viewed as a long-range
random bond X — Y model with random Z—field [I00-
103], the Lipkin-Meshkov-Glick Hamiltonian [104HI07],
or a spin-glass type of Hamiltonian |74, TOSHITI].
Macroscopic Bogolon Condensate State. We
conjecture that the true ground state of H is a_many-
particle, macroscopic state, which we denote as |0). Be-
cause H is mathematically isomorphic to the BCS effec-
tive Hamiltonian, we hypothesize that this should be the
coherent state of many Boglons that has the same form
as the Schrieffer ansatz in the BCS theory [86] [87]. We
thus follow closely the standard procedure in the BCS
theory [89]. The Schrieffer ansatz for such a many-body
coherent state (BCS-type ground state) is expressed as

N

where [¢n) = un|gn) +vnlen), and [0) = |g1) ®[g2) @+ -+ ®
lgn) is the zero-particle state for the effective Hamilto-
nian in Eq. [11] (without the photonic DOF, so it is dif-
ferent than what is expressed in Eq. [2| ' where un and
v, are variational parameters, satisfying u + v =1
for all n € [1, N], which can be determined by the BCS
variational procedure (or equivalently, through the Bo-
goliubov canonical transform, Eq. . Note that |0) in
Eq.[I4)is a true many-body state that is in stark contrast
to the single excitation state |+) in Eq. 2}

The expectation value of H under |0> is expressed as

= (0|H|0) = Zhw [vn|? — Z Gom (unvmumvn)
n#m
(15)

As Schriffer noticed [87], the trial ansatz described in
Eq. does not have a fixed excitation number 7. Fur-
ther, one needs to satisfy the normalization |u,,|?+|v2| =
1 for all n. As such, one needs to perform the conditional
minimization using the Lagrange multiplier method.

The expectation value for the phonon excitations is
e~ Bhwn

n= (0] 6,6a00 = [oa* = T o—Fon (16)

R~ N/dw.Al,(w —wp)e P o N . e Bl
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where 71 is the excitation expectation value (number of
phonon excitations) at T and at a given N. Here, we ex-
plicitly assume that coupling molecules collectively does
not change the thermodynamic distributions for the N
vibrations.

The interesting fact is that when counting the total
system with NV vibrational DOF, we expect that overall
they still satisfy the Boltzmann statistics

¢—Bhon

Z|vn|2 :Zm (17)

n n

But for the individual site n in the new BCS-state [0),
very likely

¢~ Bhn

2
|Un‘ 7é 1+67ﬁh‘:’"

: (18)

especially when w,, — w. due to the large effective cou-
pling Gy (cf. Eq. . We shall see later that this is
indeed the case for systems with vibrational frequency
disorders (such that w, # wo, see Fig. [Ip).

With H and 7 expressions, and following the stan-
dard [89] Schriffer variational procedure [86] [87] and per-
forming the conditional minimization using the Lagrange
multiplier method [89], we variationally minimize the fol-
lowing function

H=H—pn+Y En(juf+vp| =1),  (19)

where the p is the chemical potential of the phonons, and
E,, is effectively the energy level for particle n, both are
Lagrange multipliers. Setting the variational condition
0H = 0 requires that

Ou,  Oug

for all possible n € [1, N]. This leads to the following to
coupled equations

han — M A’ﬂ u;kl — u;kl
( A (i, - u)) () = En () (21)

where we have defined the gap A,, (for n # m) as

A, = Z GrmUy, U, - (22)

m#n

=0, (20)

Note that even though Eq. [21]|1ooks formally like a single
particle equation with 2 states, the coupling term A,
(see Eq. contains all coefficients {uy,, v, } such that
these equations (for different n) are coupled to each other,
describing the many-body physics. This was the true
genius of the BCS theory. Further, A, coupling term
opens up an energy gap for the single particle state.

The matrix equation in Eq. 2I] has two eigenvalues
+F,, with E,, expressed as

E, = \/(h{&n - M)z + A?L? (23)

which describes the dispersion relation of Bogolons, with
eigenvectors

U, = cosb,, v, =sinb, (24)

and the mixing angle is

cos20,, = (hw, — p)/E,, sin20, =A,/E,. (25)

The macroscopic ground state in Eq. [I4] is expressed as

N
0) = [] (cosb,, + sin6,,57,)[0). (26)

n=1

Equivalently, the coefficients in Eq. can be expressed
as

uizllil_i_h’wn_u]:l 1+ ~hwn_u
2 n 2 V@, — w2+ A7
(27a)
2 1{ mn_ﬂ] 1 i o, — p ]
M QR § Pt Tl I
2 En 2 V@, —w)?+ A7
(27b)

Similar to the BCS-ground state, this |0) should also be a
broken symmetry state that breaks the local U(1) sym-
metry, caused by the Higgs-type mechanism (when the
gauge field consumes the Goldstone boson) [89].

Further, we want to obtain the explicit expression of
the gap equation. Notice that

1 A
ukv, = cosb,sinf, = =sin26,, = —

— 2
; : )

together with the definition of A, in Eq. 22| one can
derive the celebratory BCS-type gap equation as follows

A”:ZG"m.ﬁ:ZQ o 2L A2

m#n m m#n \/( m /’L) + m
(29)

Further, we have a second complementary equation

N ~
1 Ry, — 1
_ 2 n
n:E vnzg - |1- = (30)
n n=1 2 [ \/(h&)n o M)Q + A%

For a given VSC system, T', N are fixed, and 72 should also
be fixed (through Eq. . As such, one can numerically
solve (thanks to more advacned computing powers nowa-
days compared to the BCS [86] [87] era in 1957) for u and
A, from Eq. and Eq. which allows one to deter-
mine all {u,,v,} in Eq. d thus the new ground state
|6) in Eq. Alternatively, one could focus on solving
the coupled eigen equations in Eq. Note that for diag-
onalizing the eigen equation (Eq. ssociated with n, it
requires the knowledge of other {u,,, v, } to compute A,
(see Eq. , and Eq. 21| thus needs a self-consistent field
(SCF) solution, very similar to the case of Hartree-Fock
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FIG. 1. Numerical Simulation compared to the Analytic theory. Here, we consider a system with wo = 1000 cm™",

w—we (cm™1)

W - Wwe (cm1)

1

Or =50cm™, wo —we=1cm ', N =107 and 0 = 20 cm™'. (a) The numerical gap A, (blue) and the analytic expression
A(w) in Eq. Note that the energy contribution will be ~ A, uy,v,, so the changing sign of A,, will be compensated by the
changing sign of w,v,, such that the |0) state’s energy will be lowered. (b) The expansion coefficients |u,|* (red) and |v,|*
(blue), as a function of the detuning, obtained from numerical simulation (solid line) and analytic expression (black dashed)
using Eq. (c) The absolute value of gap, |A,| obtained numerically (blue) and using Eq. [36| (red), with the black horizontal
line indicating the value of v e=8"o(hwy + kgT). Above the blackline is the gap that satisfies the condition in Eq. Two
vertical dashed lines indicate the critical frequency wg and wg based on Eq.

theory in electronic structure. One could, in principle,
provide the initial guess {uy, v, }, which could simply be
the Boltzmann probability, then compute all A, using
Eq. then solve Eq. again, iteratively (with the
constrains in Eq. , untill certian threshhold (say the
changes in {|u,|?, [v,|?} between two ajdecent iterations
is smaller than a threshhold) is reached. A lot of useful
techniques in the field of electronic structure that handle
similar SCF procedures could be borrowed to solve our
equations.

Fig. [I] presents our numerical simulation to solve Eq.
and Eq. 0] Here, we minimized by iterating a fixed-
point map [112] on the global g,,u}, v, parameters, en-
forcing the expectation value for the phonon excitation
number to be constrained at the Boltzmann distribu-
tion value (Eq. at each step via monotone bisection
for o with linear mixing and small-detuning regulariza-
tion for robustness. We consider a model system with
wo = 1000 cm™, Qg = 50 ecm™!, wo — we = 1 cm ™!,
N =107 and ¢ = 20 cm~!. Fig. [1] presents the numer-
ically computed gap A,, as a function of w, — w. (blue
curve), indicating the peaking behavior of the gap at the
frequency close to w.. Fig. presents the numerically
obtained |u,|? (red) and |v,|? (blue), and indeed, when
wy, is close to the we, these probability significantly devi-
ate from the original Boltzmann probabilities. Note that
these “hot spots” are in the frequency domain for Bogo-
longs, which are many-body collective excitations. And
still, the overall statistics for N molecules satisfied the
Boltzmann distribution (Eq. , as the constraint (the
—uf part in Eq. is explicitly enforced in our calcula-
tions.

We note that the same eigenequation (Eq. and

eigenvalue (Eq. can also be obtained from the Bo-
goliubov transform [84] [89],

I;n Up —Un &n

o) \en wun ) \ol)
The above transform preserves the commutation relation
of the hard-core bosons (Eq. , hence it is a canoni-

cal Bogoliubov transform, with details provided in the
Supplemental Materials.

(31)

These (b, b,) are the creation and annilation opera-
tors of Bogolons. Note that Bogolons are collective ex-
citatons of the system, becasue (u,,v,) depends on A,
(c.f. Eq. , which depends on all other particles states
(tm, vm). Under the Bogolon picture, H is “diagonalize”
as

E, 0

A = Zn: (5 ) (0 —En> (Zg)

with the diagonal energy +F,, (c.f. Eq. i.e., the Bo-
golon dispersion). The Bogoliubov canonical transform
yields an equivalent result to the Schrieffer variational
procedure in Eq. 20} which is a well-known result in the
BCS literature.

The Gap Equation. To solve Eq. and Eq.
analytically (with approximations), one may replace the
sum by integrals: + > f(@n) = [dwA,(w — wo)f(w),
using the normalized lineshape function (Eq. as the
vibrational frequency distribution function. For g, =
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gm = gc special case, we have

Alw) = N/dw’Al,(w’) (w _1% - iw> (32)

h ge - A(w')
4 /(' = p)? + [AW)]?

which is an integral equation. An interesting feature of
this equation is that it contains the “resonance” behavior
of the VSC experiments, which often observe that rate
chances at w, ~ wy. Here, the energy gap equation ex-
hibits this behavior due to the convolution between the
line shape function A, (w’'—wp) and the detuning function
1/[(w — we)(w — we)]. This might also explain why some
VSC experiments [22], 24, [I13| [1T4] have reproducibility
challenges [I13], likely due to the non-perfect matching
between w, and wy (either through the non-zero detun-
ing due to the limitations of experimental conditions, or
caused by the mirror fluctuations of the FP cavity [95]).

Similarly, Eq. 30| can also be replaced by integral form

X

ﬁ:]\f/clw.A,j(w—wo)1 1-— ho —
2 V(hw — )2 + Aw)?
(33)
One can solve the integral in Eq. and obtain p =
1 (A(w)), then plugging into Eq. olve the analytic
expression of the gap. With detailed expressions of A4,
(such as Eq. , one should be able to work it out.
For a simple special case, when there is no disorder in
frequency, w;,, = wy, using Eq.[33|by setting A, (w—wp) —
d(w — wp), we can solve

1
p=hao =75 alAlwo)], a=

For N > n, a~1,1—a? ~ 4n/N, thus p ~ hwg F
VA|A|/2v/N. This p can be used as the initial guess and
plugged into Eq. to solve the A(w). The obtained
A(w) can then be used and plugged into Eq. [33] to solve
a refined expression of u, and this procedure can be done
iteratively, such that there is an analytic version of the
SCF. In this work, we decided to keep it simple and stop
at the no-disorder limit of x in Eq.[34] and plug it into
Eq. 32| only once, to obtain an approximate expression of
A(w), discussed in the following section.

Using p in Eq. as an approximate expression, plug-
ging it into Eq.[32] and assuming that the majority of the
frequency-dependent contribution comes from the line-
shape and detuning functions inside the integral, one has

Aw) = NVI—a2lg? /dw/AVW)( Lo, )

w—we W —we

zN\/e*ﬁh‘”Oggg/dw/.Ay(w/) < 1 + L )

w—we W —we
(35)

N —
N

2n

(34)

where we have used the fact that Nv1—a2 =
N+/4n/N =~ 2NVe—Bhwo  Assuming A, has a Gaussian

Lineshape (Eq. 7 one can get analytic and approximate
expressions for the gap (through the Dawson function
type integral), resulting in the following expression with
error function

R T ( 3o ﬂ

- Y 0% i ——

0w " \/506 o \/§U
(36)

1
Aw) ~ ihNgfv e—Phwo

where erfi(z) = —ierf(iz) is the imaginary error function,
and we have defined d, = w—w, and dg = wy — w,, In the
limit of small frequency disorders, i.e., |wp — we| > V20,
the above integral in Eq. |35| yields
30
(%)

(37)

h 1 1 o2
A ~ NVeBhwo —g? [ — 4 — 4 ——
(w) e 2gC <5w+5o+ﬂ§g’>+o

In the regime wy — we < /20, the gap function becomes

W — We 5

) ()

(38)
The above expression will be useful when w is very close
to we, which we believe will be a macroscopic conden-
sation and VSC effect. Detailed derivations of Eq.
Eq. |38 are provided in the Supplemental Materials.

For the pure-homogeneous case, one can drastically
simplify the analysis, with w, = wqy for all n € [1, N].
In this case, all v2 are identical due to symmetry, and
from Eq. v2 = e Phwo and w2 =1 — e BP0 The
gap A, in Eq. [22] (for all n € [1, N]) becomes

A(w) ~ hN g2V e—Bhwo ( !

W — We

Al =[G S wp,vm| = (V= DIGI femttoo (1 — e=itan)

m#n

2
~ N|G|VePhn %\/efﬂhwo’

39
P (39)

where we have used N—1 =~ N. Indeed, when considering
w = wp case of Eq.[37] A(wp) is expressed as

1 o?

- mwowc?')’
(40)

1
|A(wo)| & AN g2V P (

|lwo — wel

and the no frequency disorder case (w, = wp) result in
Eq.[39is a special limit of Eq. [d0] with o — 0.

Furhter, using p expressed in Eq. and the A(w)
expression in Eq. (or Eq. for the small detuning
case), we have analytic expressions for the expansion co-
efficients

2 1 fw — p a
u?(w) = 5 1+ R (w)Ql (41a)
2 (w :1 — — b

=3 [1 \/(hwu)2+A(W)2] )
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For the VSC system that exhibits angular disorders,
one needs to solve Eq. and Eq. numerically. Nev-
ertheless, Eq. 29] can be formally expressed as

2

Aw, ¢) = %C /0 i sing’ - d(cos ¢ - cos ¢') (42)
AW
V(' = )2+ AW, ¢)?

which again, is an integral equation that requires Eq.
to be solved together. Note that foﬂ sin ¢’ -d¢’-cos ¢’ =0,
so one should not make any approximation in the in-
tegral to remove the ¢-dependence of A (for example,
A(w',¢") = A(w') then integrate out the angle part).
It is often challenging for existing theory [59, 60, 64]
to explain why VSC can cause any changes in the
rate constant when considering the dipole orientational
disorders. More specifically, the light-matter coupling
strength is g, = gccos¢, (cf. Eq. E[), where the
angle should have an isotropic distribution, such that
(cos ¢y, - COS ) = %&Lm. This leads to Zmin Grom X
Zmin coS ¢y, cos ¢, — 0. In our own opinion, this is
perhaps the most difficult part to explain the VSC ef-
fects, and TST [64], classical rate theory [59], and FGR
level of theory [60] all predict that there is no rate con-
stant modification as long as one has these dipole ori-
entational disorders. However, it is not necessarily the
case for the current theory. As long as the u), v, are
non-uniform (having different values for different m, the
gap is non-zero A, = Zmin Grmul,vm # 0 (Eq. ,
even though (cos ¢, - cosd,,) = 0 for n # m. Our ini-
tial numerical investigatons indeed show a non-zero gap
when we fully consider the isotropic disorders. However,
due to the random sign of these G, coupling elements,
the convergence is very difficult, and future efforts are re-
quired. Altneratively, the above integral in Eq. 42| could
be solved by performing an analytic type of SCF, by
using the trapezoidal rule to discretize the integral in
Eq. togehter with Eq. and then iteratively solve
AWy, ¢m) on a given 2D grid (wy, ¢, ), iteratively, un-
til the numerics reach self-consistency. The initial guess
needs to have a non-uniform distribution in ¢’ (broken
symmetry solution) in order to get the non-zero integral.

We are confident that there must be better versions of
the gap equation for Eq. with an analytic form (or
for other lineshapes, such as for Lorentzian lineshapes),
just like many different available gap equations for the
BCS theory. Nevertheless, it is good to pause here and
return to some simple physical pictures before continuing
to search for those expressions. The typical values for the
VSC experiments to achieve effects are QR ~ 100 cm ™!
when the sample has isotropic orientational disorders,
and thus vV Ng. &~ V35T /2, wo ~ 1000 cm ™!, e=Ahwo ~
8.2 x 1073. As such, for a detuning with |wp — we| &~ 1
ecm ™!, the estimated gap per quasi-particle (bogolons) us-
ing Eq.[39is |A,| ~ 677.8 cm™?, already surpassing room
temperature thermal fluctuations kg7 = 200 cm™'. The
many-body picture seems to resolve the conceptual chal-

lenge faced in the single-excitation picture in VSC. In a
single excitation picture, the energy gap between |+) and
{IDj)} is Qr/2 = VNge =~ V3Q5P/2 ~ 86.6 cm™ (for
zero detuning we — wp = 0 and for QP ~ 100 cm™1),
and typically, vV Ng. < kgT, and the dark states also
have a large effective entropic contribution to the free
enrgy —kp In(N — 1), making it difficult to understand
why polariton states are playing a special role in terms of
VSC. In the many-body picture, the Bogolons condensed
into one macroscopic state |0), opening up an energy gap
per bogolon with A,, ~ ihQQRv e=Bhwo [lwy — we| > kT,
making the |6> the special domnating state in VSC.

Condition to achieve macroscopic condensation.
Due to the more stable new ground state |0), the system
condenses to this one macroscopic state. This opens up
a gap between |0) and the normal thermodynamic states
of N vibrations under temperature 7. For the normal
thermodynamic states, its energy is

e~ Bhwo

S ~ Ne Phwo .
1_’_67577,(.«)0 hwowNe 0 h,wo.

Eo =

There is a dense manifold of microscopic states with en-
tropy of S = In[N!/(a!- (N — @)!)]. The entropy for
the normal state can also be evaluated using the Gibbs
formula (equivalently through Stirling approximation of
the Boltzmann entropy) as S = Nkg(pg lnpgy + pe Inpe)
(where p. = e~ Ahwo /(147 PMwo) and p, = 1/(1+ePhwo),
As such, the dense manifold of the normal excited states
has a free energy that is lowered, due to the entropic
contribution

Fo=Eq—T8 = Ey — [Eo + NkgT In(1 + ¢ 7"0)]
= —NkpTln(1+ e Pm0) ~ —NkpTe Piwo.  (43)

Further, the vacuum state |0) (outside the cavity) has a
free energy of 7/, = 0- N —Tlnl = 0, and the normal
manifold of states (thermaldynamics state) has a lower
free energy than |0), thus more probable to be seen at T'.

For the macroscopic state |6>, the free energy asso-

ciated with this one macroscopic state is Fo = H —
kgT'In1 = H, which is same as the new ground state’s
energy, where A,, is the gap for each of the phonon DOF
(c.f. Eq.[21)). Thus, as long as the gap surpasses the En-
tropic contribution of the normal states, the macroscopic
BCS-type |0) is a more favorable state for the system.

The gap for the entire N particle system is

N
——— N(N —1)hg?
§ Anunvn ~ NAn e~ Bhwo T ) ‘gc efﬁhwo’
wo — We
n=1

which scales as o« N2g2.
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As such, the estimated energy for |0) is (c.f. Eq. is
Fo=H=> honlval* =D Apuyv, (44)

) - YO0
|w0 — Wl

2
~ Ne Bhwo (ﬁwo + Je
|wo — wel

2 2
~ EO _ N(N - 2)hgc efﬁhwo ~ EO _ } NhQR 6fﬁhwo’
lwo — wel 4 Jwy — we
— Bhw 2 hgg —Bhw
~ Nhwge P70 — N —=—¢ 0
|W0 - WC|

where we have used N — 2 ~ N (with the very large N
considered in VSC) and Qr = 2v/Ng.. As one can see,
the re-normalization of the frequency w,, does not impact
the gap for the entire system (in terms of the orders of
N).

To discover the conditions under which the new ground
state |6> has even a lower free energy than the normal
state (and thus, lower than the vacuum state |0)), Fo =
H < Fo, one has the condition .7?0 =H < Fo becomes

Nhwoe 0 =" Apupv, < —NkpTe P, (45)
n

Assuming that u,v, ~ Ve Phwo or equivalently, using u
in Eq. one has

[An| > Ve=hhwo - (hwy + kpT), (46)
which is the condition that the Boglon with frequency
wy, and a gap |A,| shall be more stable that the normal
thermodynamics phase. For the no-disordered case, using
|A,,| expression in Eq. we have

hQE > 4wy — we| - (hwo + kpT). (47)

With the frequency disorders, the above picture shows

that all N molecules participate in the macroscopic state
changes. This is because for a range of w,,, the gap A(wy,)
will be very different, having a very large value for w,, ~
we, and small when the detuning is large. For a system
with frequency disorders, one should expect that only for
those Bogolons with frequency close to w. would open up
a large enough gap. As such, only a fraction of molecules
out of N participate in the condensate state |0). This
requires that for a given frequency,

|A(w)| > Ve~ Bhwo (ﬁOJO + kBT) (48)
Using the approximate expression of A(w) in Eq. we
have the range of the frequency within which the Bogolon
has a large enough gap to make it more stable than the
normal thermodynamics phase. This leads to the “criti-
cal frequency” expressed as follows

hN g2
wE =w, + Je

o ;4
2(hwo + kgT) — kN g2 - E(do, 0) (49)

where =(dg, 0) is expressed as

Z(60,0) = \/\/;e—ég/zﬁ erfi (\%00)‘ (50)

Eq. [49| means that for w,, € [w,wZ], these Bogolons are
stabler than the normal thermodyanmics phase, whereas
for w, < w; and w, > wS, the Bogolons can be ex-
cited to normal phase due to their small energy gap.
The numerical test of the critical frequency is provided
in Fig. [Tk. Note that Eq. @9 has a further approximation
when we derived it, so it slightly deviates from the true
intercepts between the red curve of |A(w)| and the black
line Ve=Bhwo (hwy + kgT).

The fraction of the participating vibrations in this con-
densate phase (out of a total N) is thus

wt

+
c wC d
dwAy (w—wo) = /7 2:02 exp {—

p:

(w—wp)?

202 ] ’

(51)

Note that in either case, |0) has a lower free energy
than the normal state, as well as the vacuum state |0).
Eq. A7 and Eq.[49}Eq. [p1] are the key results of this work,
which predicts the critical condition that the Bogolon
Condensation in VSC cavity QED will occur with a rea-
sonably large (g, a reasonably small light-matter detun-
ing |wo — wc|, and a reasonably low vibraitonal frequency
wp, and could even occur at room temperature as most of
the VSC experiments were operating [17, 211, 32} B3], [36].

Estimation Based on the Experiments. As shown
in the previous work, one needs to be careful with
the experimentally measured Rabi splitting, because fre-
quency disorder also contributes to it [93, [94]. Fol-
lowing Ref. [93], and considering the angular disorder
which reduces the effective Rabi splitting by [59] [8T], [94]

(3=, cos20)/N = 1/4/3 times. The dipole angular

control has been experimentally accomplished for VSC
and verified [I15], 116] using voltage-controlled switch-
ing [IT5] or temperature-controlled switching [116] of lig-
uid crystals molecules in different alignments (e.g., Fig.
3a in Ref. [116]). Combining this angular disorder to-
gether with the broadening of cavity linewidth and molec-
ular linewidth, we have

2 2 (ki +7)
ORP=—=I — —Ng2\/1+ ——=— 52
where with ~ as the matter linewidth (y = 20)

and k as the cavity linewidth, if both lineshapes are
Lorentzian [93]. Using the above, the “actual” Rabi-
Splitting (that report the actual light-matter coupling
strength) Qg = 2v/Ng. is expressed

O = | D22 +ABERT)” +77)] V2 y(s+)
; :

(53)
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Numerically, we found that the detailed value of v and
in most of the experiments has a limited impact on Qg,
whereas the majority impact from the 1//3 facor due to
the angular disorder, such that Qg ~ \/gﬁﬁ‘p . It is thus
important to emphasize that the experimentally reported
Rabi splitting from linear spectra Qf " would be only
1/ V3 of the 2¢/Ng., when one needs to quantitatively
compare theory and experiments.

In Ref. [33] for the VSC-NMR experiment, under the
concentration of 1M for the molecule, the experimentally
observed Rabi splitting is QR ~ 83 cm™', with cav-
ity linewidth x = 70 cm™! and vibrational linewidth
v = 20 = 18 em™?, leading to Qr = 2v/Ng. ~ 142.2
cm~!. For the critical concentration at 0.5M, Qg should
be reduced by v/2 becasue N is effectively reduced by
2 (cf. Eq. , leading to the experimentally observed
critical Qr ~ 142.2/4/2 ~ 100.5 cm™', or equivalently,
QRP ~ 58.6 cm™! at the critical concentration of 0.5M.
For the no-disordered limit, the critical condition requires
the detuning at an order of |wy — we| ~ 0.79 cm™?,
and Eq. predicts the same cirtical Rabi splitting to
see VSC modificsation is QF" =~ 58.6 cm~!. For the
reaction reported in Ref. [I7] and Ref. [I8], where the
rate constant suppression by up to 4.5 times is achieved
when coupling cavity to Si-C vibrations. From Fig. 3D
in Ref. [18], it seems that this modification only start
to occur when QfP > 55 cm™!, with no data point re-
ported for a smaller QF". In this setup, hwg = 860 cm™?,
QP A~ 55 cm™!, k=241 cm™', v =40 cm™'. As such,
QOr ~ 98.3 cm~ !, that means dy ~ 2.3 cm~! for this
system when using Eq. (and assming no frequency
disorders). That means QR < 50 cm™! there will be no
condensate.

Of course, the above estimation should be viewed, to
the best, as an averaged, simplified estimation, because
the expression itself does not consider any frequency and
angular disorders. The real experimental systems do have
frequency disorders, as well as dipole angular disorders.
Instead, the real system in Ref. [33] has frequency disor-
der, and an estimated detuning [33] of |6y| = |we—wo| ~ 1
cm~!. Together with wy = 2970 cm ™!, kT = 200 cm !,
and the experimental critical Q" ~ 54.8 cm™!, Eq.
gives that |w¥ —w.| ~ 0.25 cm™!, meaning that only the
vibrations in the frequency window of a cm™! centered
around w. participate the condensate. Further, Eq.
suggests that in this window of frequency, p ~ 1.1%,
meaning 1 out of 100 of vibrations participating in the
macroscopic states |0). For N = 105 molecules, this
means 10* of them are participating in the condensate
in the Ebbesen NMR, system. Interestingly, in Ref. 33|
it was speculated that there would be such a phase tran-
sition. Our theory on VSC-induced Bogolon Condensa-
tion provides a concrete theoretical explanation for this
phase transition behavior. For VSC rate constant mea-
surements, there are also extensive data points provided
in Ref. [21].

Eq. predicts that the critical Rabi splitting
to achieve the Bogolon condensation in VSC scales

10

with /|wg — we|, and hwo + kT VT as well as
Vhwg + kT o< v/hwy < \/1/M, where M is the effective
mass for the vibrational DOF. These interesting scalings
also show up in BCS-type superconductivities [86, [87],
which is not surprising given that the effective Hamilto-
nian in Eq.[11]is mathematically isomorphic to the BCS
effective Hamiltonian, and we are using the BCS-type
of procedure to obtain the gap. What is interesting is
that these conditions and scalings have never been ex-
perimentally tested in the VSC effects. So we predict
that the critical g to achieve the VSC condensation
should have a v/T dependence with Temperature, as well
as have a y/1/M dependence that could be checked with
Isotopic/element-substitution effects.

In principle, the Moran-Ebbesen NMR experiment [33]
is ideal for this test, by varying temperature and us-
ing isotopes/substitutions to change wy. The potential
challenge to see a T-dependence of critical Qg change
is that it also depends on the vibrational frequency wy.
On the other hand, it will be easier to see the isotope
effect when changing C-H vibrations to C-D, which will
typically reduce the frequency to wg ~ 2100 cm™!, or
even substitute the C-H vibrations to C—'?F, which has
a much lower frequency of wg =~ 1000 — 1400 cm ™! and
even larger vibraitonal traisition dipole. Using Eq.
this suggests that the C-D system (wg ~ 2100 cm~1)
will have QR ~ 50 as a critical condition, and the C-F
system (wp ~ 1400 cm ™) will have QR" ~ 41.5 as a crit-
ical condition. For the C-F vibrations within the same
Moran-Ebbesen NMR, molecule, if we take wg ~ 1400
cm™!, the current theory predicts that, if one still wants
to keep p = 1.1%, then for C-F frequency wy ~ 1400
cm™!, and still assuming K = 70 cm ™! and v = 20 = 18
cm™!, the critical Rabi splitting will reduce to Qg = 57
em™! and QP = 34 cm™!. This could be tested by
future experiments.

The other possible experiments are the charge-transfer
complexation reaction under VSC [32], where the equilib-
rium constant & should also exhibit the same phase tran-
sition behavior if one can lower the wg coupled ot the cav-
ity. Another interesting prediction of Eq. [47]is that, for
hwy < kT, only achieving the normal strong coupling
condition (Eq. 4) will not result in condensation. There
are recent experiment [I17] that strongly couple the in-
termolecular vibrations at terahertz frequencies (v = 0.5
Thz, or wy = 16.7 cm™!) with the cavity. The current
theory (Eq. predicts that unless Qr ~ VkgT =~ 14
cm~!, there will be no VSC-induced condensation and
associated effect in these Thz-VSC strong coupling sys-
tems. Similar analysis for the disordered case can be
performed using Eq. [I9}Eq. 1] and give valuable predic-
tions.

How VSC impacts Chemical Kinetics? We de-
note ko as the rate constant outside the cavity, and k
as the rate constant inside the cavity. Most of the ex-
periments report k/kq as a function of w. — wp, which is
commonly referred to as the “action spectrum”, and of-
ten found 4-5 times of rate constant reduction [I°7, 19, 2T]
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FIG. 2. Theory and the experimental data for the rate constant modification. A comparison of theory in Eq. [54]
(red curve) with the experimentally reported data (blue dots) reproduced from Ref. [I§] for the desilylation reaction of 1-

exp

phenyl2-trimethylsilylacetylene [I7]. (a) The “action spectrum” of k/ko as a function of we. (b) k/ko as a fucntion of Q™ at
|wo — we| = 3 cm™. (c) Effective A(AG*) obtained from theoy in Eq. from experimetnal rate data using —ksT In (k/ko)
with the experimental k/ko (blue solid dots) as well as the A(AG¥) reported in Ref. [I8] using a Eyring-type plot for both
inside and outside cavity cases (which is a different procedure than taking —kgT In (k/ko) with the experimental k/ko).

or enhancement [22], 23, 118, 119]. Because of the macro-
scopic occupation of the |0) state, the system has reacted
from the |0) state to the possible product states. For each
Bogolon, there is an additional energy penalty A, for it
in order to get excited from |0), then react. As such, if we
assume this is the main mechanism for the rate constant
modification, we have

ex 2
LAY/ A B L [OR"] .\/e—,aihwol,
ko 4kBT|WQ — wc|
(54)

regardless of the detailed reaction mechanism outside the
cavity (what is the detailed kg expression.

Further, Eq. can be approximated through Taylor
expansion

3h[95"]"

L1 \/eBhwo, 55
4k‘BT‘UJQ - wc| € ’ ( )

k/ko%].—

We believe that this is the first time that Eq. and
Eq. [55|are presented in the literature. The above expres-
sion suggests that the rate constant suppression scales
as k/ko o< [Qg ]2, which was empirically observed in the
Ebbesen VSC experiments (Fig. 3A in Ref. [I7] or Fig. 3D
in Ref. [I8]). We originally thought that this quadratic
scaling ought to be related to Fermi’s Golden Rule [54-
[56, [60], which is also quadratic in coupling strength.
However, those FGR faces challenges in explaining the
collective effect and requires per-vibrational light-matter
coupling to be as large as Q3. The current theory, on
the other hand, explains such quadratic scaling from a
different perspective. It is because the coherent coupling
among Bogolons leads to an energy gap per Bogolon,
which scales as [Q;7]?. Further, Eq. also suggests
that k/ko o< |wo — we| ™!, with the “width” of the peak

as 3h[QRT]*Ve=PMwo /AkgT. This explains why the rate
constant modification is sensitive to the resonance con-
dition w. & wy, which is completely different than what
we thought before (as photonic and vibrational energy
transfer that matches lineshape relation [56]).

In experimental reports [I7HI9], people often assume
that the rate constant still follows the Eyring-type equa-
tion, such that [I§]

A(AGH) = AGH — AGE = —kgT'In (k/ko).  (56)

where AG? is the free energy barrier of the reaction inside
the cavity, and AG% is for outside the cavity, and please
do not confuse the A here with our gap expressions. Note
that this is not an actual change in the free-energy bar-
rier, but rather an effective measure of the purely kinetic
effect. Here, our current theory suggests that

3h - [QeP]?

AAGH ~ —kgTln |1 - —— B 1
(AGH) B n( 4kpT|wy — we

- e—Bhwo >
(57)
One can see a non-linear relation of A(AG*) with QSXP),
which has been observed experimentally [18|, 20]. If one
hypothesizes that an unknown mechanism forces the up-
per or lower vibrational polariton states to be a “gateway
of VSC polaritonic chemical reactions” [62} [65], then the
activation free energy change should change linearly [65]
with Q. Furthermore, in Ref.[20, it was pointed out that
“a very small Rabi splitting observed in optical spectra
can lead to much larger changes in activation free energy,
such that A(AG*) > Qg, which seems to be a general
trend in most VSC experiments” [I7HI9] and requires
a theoretical explanation. Our current theory indicates
that the nonlinear increase of “effective A(AG*)” when
increasing Qi ", and this is due to the gap A, the sys-
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tem needs to overcome in order to excite the Bogolon,
expressed as Eq.

Fig. 2| presents a comparison of theory (Eq. red
curve) with the experimentally reported data (blue dots)
reproduced from Ref. [I8] for the desilylation reaction
of 1-phenyl2-trimethylsilylacetylene [I7]. Fig.[2h present
the “action specturm” of k/ko, as a function of chang-
ing w.. Here, we use a model parameter of wy ~ 850
cm~!, as opposed to the original work, where there
is a double peak for the vibrational transmission spec-
tra [I7, 120]. Fig. presents the k/ky as a function
of QRP, using the theory in Fig. and assuming a
|wo — we| & 3 em™! detuning. The deviation of the ex-
perimental data from the theoretical quadratic curve is
likely due to the difficulty in experimentally controlling
detuning |wy — w.| when changing the concentration of
the reactant (thus changing QF"), and each experimen-
tal data point corresponds to a slightly different |wo—we|.
Fig. [2c present the effective A(AG*) obtained from the-
ory using Eq. [56 (red curve), the experimental data con-
verted from —kgT In (k/kg) by using experimental value
of k/ko (blue open circles), and the experimentally re-
ported value of A(AG*) by using Erying-type equation
and analysis (blue dots). The theory provides a semi-
quantitative agreement with the experimental data [I8].

The current theory also indicates that there should also
be a critical Qg (such as Eq. , upon passing it, the sys-
tem starts to exhibit Bogolon condensation into |6> and
rate constant modifications. Note that the precondition
to use Eq. [54] is to achieve the condensate. As such, in
principle, we need to express k/kg in Eq. as

3h - [Q?P]Q _
I [ SR T B Bhwo
T exp[ [ — Ve (58)

3
.@Z

i

h[Qf}z{p]Q — |wo — we| - (Awg + ksT)

where © is the Heaviside step function, characterizing
the condition to achieve the Bogolon condensate. This
threshold, phase-transition type behavior has been ob-
served in the charge transfer complexation reaction for
equilibrium constant modification (see Eq. , which
could also be interpreted by modifying the forward
rate constant, but it has not been explicitly mentioned
in the published work of VSC rate constant modifica-
tions [I7), (18, 21]. Nonetheless, the reported rate con-
stant modification always starts from a certain value of
OR? > 55 cm™, e.g. in Ref. [18].

Note that Eq.[b4|always leads to the rate constant sup-
pression. Rate constant enhancement [22] 23], [119] would
likely depend on the details of the reaction mechanism,
such that the modification of {|u2|,|v2|} in the frequency
window w € [wy ,w]] (see Fig) dictates the overall ap-
parent rate constant. We provide a qualitative model in
the Supplementary Information, but quantitative analy-
sis is beyond the scope of the current work and will be
our focus in the near future.
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Why Cooperative VSC even works?. We should
note that our above discussions on rate constant modifi-
cations are formulated in the context of a cavity directly
coupled to vibrations of the reactant [I7, [19] [21], either
the reaction coordinate-related normal modes [I7] or the
non-reactive normal modes (spectator modes) [43] (3].
There are other types of the “cooperative vibrational
strong coupling” experiments [22] 23] [T18] [119] that cou-
ple the cavity mode to the solvent vibrations (with fre-
quency wy), and the solvent frequency closely matches a
reactive vibrational frequency wg in reactant molecules.
Due to the low concentrations of the reactant, the strong
coupling and Rabi splitting are mainly caused by cavity
coupling to solvent vibrations [22].

In those cooperative coupling VSC experiments[22] 23],
118, [119], it was found that the cooperative resonant con-
dition w. &~ wp ~ wg is required to achieve rate constant
modifications. The isotope control experiments [22] 23]
could set w. &= wy # wr, and there will be no obvious
VSC rate constant modifications, even though a strong
coupling condition between cavity and solvent is still
satisfied [22, [23]. These cooperative couplings through
solvent DOF have shown either rate constant suppres-
sion [118] or enhancement [22, 23] I19]. In the past,
we have developed an interesting theoretical model [59)
and rate constant theory [60] based on FGR to explain
this phenomenon (through a mechanism of cavity-solvent
strong coupling that removes the thermal vibrational ex-
citations away from the reactant), but that theory [60] is
still in the effective single excitation subspace mechanis-
tic picture (Eq. . We should also note that the reac-
tion reported in Ref. [22] was under debate, as Ref. [I13]
claims that there is no obvious VSC effect when trying
to reproduce it, but later experimental works [24], 12T]
suggest that there are cooperative VSC modifications of
the rate constant in different type of cavities.

With the current theory, we hypothesize that the new
macroscopic state |0) now contains both solvent vibra-
tions and the reactant vibrations. For example, we con-
sider a total of NV solvent DOF, and a total of M reactant
molecules (and M < N for these cooperative coupling
experiments [22H24] [114], [118] 119, 121]). Through the
same procedure,

N+M
H (um + Um&;rn)|0>7 (59)

m=1

0) =

the macroscopic quantum state now is a many-body
states that involves both solvent and reactant molecules,
a co-condensate of both solvent and reactant vibrational
DOFs. The rate constant modification requires that
the detuning is small, and thus the resonance condition
We & wo ~ wr. The current theory provides a possible
explanation to this cooperative coupling effect as the co-
condensation among the solvent and solute vibrational
DOFs. Upon isotope substitution in the solvent, which
makes wg # wg, even though the strong coupling condi-
tion is still achieved between cavity and solvent [22] 23]
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at we &~ wg, the vibrations in the reactant molecules no
longer participate in forming the macroscopic state |0)
(described by Eq. as opposed to Eq. [59)), and thus
there is no VSC-induced rate constant modificatons. The
current theory explains why the cooperative strong cou-
pling is very sensitive to the frequency matching for the
cavity, solvent, and reactant. Further numerical studies
and detailed model investigations are still required in the
future.

How VSC impacts Equilibrium Constant? In
the VSC NMR experiment [33], Moran and Ebbesen
discovered that VSC can modify the equilibrium con-
stant I of the conformation change of a molecule be-
tween the unfolded configuration and a folded configu-
ration (see Fig. 4d in Ref. [33]). Further, the equilib-
rium constant modification has also been shown in a
charge transfer complexation reaction [32], which also ex-
hibits a phase transition type of behavior (see Fig. 2a
in Ref. [32]). These modifications on the equilibrium
constant /C were previously thought to be theoretically
impossible when considering classical statistical mechan-
ics [42] [65] [76] 122]. Explaining the VSC-induced large
change of I, which exhibits a phase transition type of
behavior [32], B3] upon a critical value of Qg, is another
challenging task in theoretical chemistry [65, [76], [122].

Our current theory provides a possible explanation for
the change of K. Let us consider a simple model for two
species (diabatic electronic states) |R,,), which couples to
the vibrational DOF (o} ,0}) for the reactant, and |P,)
for the product, and |R,) and |P,) can couple to each
other through electronic coupling (R,|V|P,) = V), giving
two adiabatic states, with the lower energy one as the
ground state that exhibit two minimum. The equilibrium
constant (assuming detailed balance) can be written as

/C:[[gzz; (60)

with ki describes the rate constant for the forward pro-
cess and ko for the backward process. If the cavity only
has VSC coupling to the vibrational DOFs in |R,,), then
due to the macroscopic occupation in |0) for the vibra-
tions on the reactant side, k1 could be modified. If the
cavity couples to both vibrational modes associated with
the |R,) and |P,,) states, it is also possible that k; and
ko get modified in different way (or in same way but in
different magnitude), causing K changes. After all, K is
nothing but the ratio of two rate constants, and VSC can
change rate constants.

Conclusions. In this work, we used a many-body
physics approach, akin to the BCS theory, to analyze
the many-body macroscopic ground state (Eq. in
VSC Cavity QED. We derived the Gap equation (Eq.
Eq. and Eq. that characterizes energy stabiliza-
tion of the condensate state compared to the normal ther-
modynamic state (Eq. . We found that upon collec-
tive light-matter coupling, Bogolon could condense into
one macroscopic state |0) (see Eq. , as long as one
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can achieve a critical value of Qg (see Eq.[d7). Our the-
ory provides potential explanations for many recently ob-
served VSC mysteries. The Moran-Ebbesen NMR exper-
iment [33] and charge-transfer complex experiment [32]
could provide direct evidence to see such a normal phase
to Bogolon condensation phase, and our current theory
provides a good agreement on the critical value of Qg to
achieve the observed new phase, which agrees with the
experiment [33].

The current theory has several predictions that could
be experimentally verified. One of the most impor-
tant predictions is the condition to achieve the Bo-
golon condensation phase, which requires a critical Qg
(Eq. . This phase transition type of behavior has al-
ready been observed in the NMR experiment [33], the
charge-transfer complexation reaction experiments [32],
and should also be observed in the VSC-modification of
rate constants [I8] 21]. One possibility is to use the re-
cently reported reactions in Ref. [2I], and gradually re-
duce the g, one should observe a null kinetic effect of
VSC. Our theory gives quantitative predictions for the
critical 2r needed to achieve the Bogolon condensate,
and thus VSC-induced modifications. More generally,
the critical condition is g o v/Awg + kg1, which could
be checked by multiple known VSC experiments [I7HI9].
Further, the current theory (Eq. also predicts that
the condensation condition is very sensitive to the cavity-
vibration frequency detuning |w. — wp|, which likely ex-
plains why some VSC experiments [22] [24] [113], 114 [121]
have issues on the reproducibility [T13] due to the non-
perfect matching between w, and wy (either through the
non-zero detuning, or caused by the mirror fluctuations
of the FP cavity [959]).

Our theory also obtain possible explanations for the
VSC rate constant modifications due to the fact that
the system needs extra thermal energy to excite Bo-
golon. This leads to our rate constant theory in Eq.
or Eq. 5} which predicts the quadraic dependence
k/ko o [QxT]%. As a corollary, the effective A(AGH) =
—kgTIn (k/kg) scales non-linearly with QR®. The rate
constant modification also scales as Eq. [b5| also suggests
that k/ko o< |wo — we| ™Y, with the “width” of the peak
as 3h[QRT|*Ve Fwo /4kpT. Comparing with the exper-
imental data reported in Ref. [I8], our theory seems to
provide a reasonable semi-quantitative agreement with
all trends, with nearly no free parameter (Jwy — w| is
viewed as a free parameter, which is difficult to read out
and control from the experiments). This also means the
future experimental platform could focus on cavity struc-
tures that provide stable light-matter detuning |wg — we|,
which is the key for k/kg reproducibility and data con-
sistency, as suggested by the current theory (Eq. .
The recent experimental work [24] on using the non-local
metasurfaces cavity could be a good starting point.

Similarly, one can qualitatively understand the co-
operative VSC rate constant effects and the change of
equilibrium constant from the Bogolon condensation pic-
ture, although detailed reaction models are required to
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construct a quantitative argument. Assuming that the
VSC-induced effects originate from one macroscopic state
could also pave the way to understanding other myste-
rious effects. For example, why could vibrational sym-
metry also have a big impact on the VSC effect [38]7
It could be explained because this one macroscopic state
that dominates the VSC system’s behavior should be sen-
sitive to the vibrational symmetry of each single parti-
cle state, which are the building blocks of this macro-
scopic state. Why VSC can significantly enhance the
conductivities [39] could also be potentially explained by
the macroscopic occupation of the Bogolon condensation
that impacts how electrons are transported through the
phonon environments. The phase transition type of be-
havior in VSC-impacted polymerizations could also be
explained by the macroscopic occupation of the |0).

Our theoretical analysis leads to the conclusion that
the mystery of VSC modifications observed in experi-
ments could arise from a many-body quantum mechan-
ical effect: the Bogolon condensation into one macro-
scopic state, or the macroscopic occupation of one state
|0). This state is non-local and macroscopic. This is
why the previous theoretical effects [42] [64], including
our own [54H56], can not explain the collective effect, be-
cause this macroscopic state can not be obtained pertur-
batively from a few-body solution [86]. A clear mechanis-
tic understanding of VSC could elevate our knowledge of
chemistry to a new era that goes beyond the traditional
intuitive paradigm, which often involves only the local
barrier crossing at the individual molecular scale. Simi-
larly, this work brings the many-body physics picture into
the cavity QED and quantum optics community, which
traditionally focuses on few-body excitations (Eq. [2} due
to the use of the exciton-polariton system). We hope
that we have provided the first possible candidate for the
universal theory to explain nearly all VSC Cavity QED
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effects and offer valuable insights. If eventually verified
by experiments (e.g., our theoretical predictions on criti-
cal Qr o y/wg through isotop/substitution experiments,
or the rate constant scalings with different factors), our
work suggests that VSC Cavity QED is an experimental
platform that actually generate yet another type of Bo-
golon Condensation and macroscopic quantum state, in
addition to the well-known Bose-Einstein (BEC) conden-
sates, superconductivity, and superfluidity. As opposed
to the other condensates and macroscopic states, which
often require very low temperatures to achieve, the VSC
Bogolon condensations occur at room temperature.
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